Algebraic Principles of Quantum Field Theory I 



Foundation and an exact solution of BV QFT 



Jae-SukPark* 

Department of Mathematics, Yonsei University, Seoul 120-749, Korea, 
e-mail: j aesuk@yonsei . ac . kr 



/ believe it might interest a philosopher, one who can think himself, to read my notes. For even if I have hit 
the mark only rarely, he would recognize what targets I had been ceaselessly aiming at. -Ludwig Wittgen- 
stein 



Abstract. This is the first in a series of papers on an attempt to understand quan- 
tum field theory mathematically. In this paper we shall introduce and study BV QFT 
algebra and BV QFT as the proto-algebraic model of quantum field theory by exploit- 
ing Batalin-Vilkovisky quantization scheme. We shall develop a complete theory of 
obstruction (anomaly) to quantization of classical observables and propose that ex- 
pectation value of quantized observable is certain quantum homotopy invariant. We 
shall, then, suggest a new method, bypassing Feynman's path integrals, of comput- 
ing quantum correlation functions when there is no anomaly. An exact solution for all 
quantum correlation functions shall be presented provided that the number of equiv- 
alence classes of observables is finite for each ghost numbers. Such a theory shall have 
its natural family parametrized by a smooth-formal moduli space in quantum coordi- 
nates, which notion generalize that of flat or special coordinates in topological string 
theories and shall be interpreted as an example of quasi-isomorphism of general QFT 
algebra. 



* This work was supported by the Korea Research Foundation Grant funded by the Korean Govern- 
ment (MOEHRD, Basic Research Promotion Fund) (KRF-2006-331-C00032). 



2 



Jae-Suk Park 



1. Introduction 



This series of papers is on a quest to gain some mathematical understanding of Quan- 
tum Field Theory, hoping to arrive at certain algebraic category equivalent to the "cat- 
egory of quantum field theories". Such algebraic category is to be called category of 
QFT algebras (up to homotopy), and it shall be proposed that quantum field theory 
is a study of morphisms of QFT algebras such that two quantum field theories are 
physically equivalent if and only if the associated QFT algebras are equivalent. As a 
justification of this elusive program, we will argue that it is possible to capture rather 
complete physical information by studying such algebraic category. 

Our journey begins with setting up the prototype of QFT algebra named BV QFT alge- 
bra after some reflections on the widely accepted and rather general scheme for quan- 
tization of classical field theory due to Batalin and Vilkovisky (BV) [ 1 J . A BV QFT shall 
be a BV QFT algebra with a natural algebraic counterpart to Feynman path integral. 
We shall develop a complete obstruction theory (theory of anomaly) of quantization 
of classical observables to quantum observables. We shall, then, present exact solu- 
tion for all quantum correlation functions for a BV QFT without anomaly and with a 
finite number of physically in-equivalent observables. Such a BV QFT always comes 
with its family parametrized by a smooth formal moduli space in "quantum coordi- 
nates". This result shall be a case study of quasi-isomorphism of QFT algebra. 

A further study of our notion of quantum coordinates, which is a natural generaliza- 
tion of the notion of flat or special coordinates on moduli spaces of various topo- 
logical string theories (the flat structure of K. Saito [2] or Witten-Dijkgraaf-Verlinde- 
Verlinde equation 1 3 , 4J) to general anomaly free QFT , and its natural homotopy gen- 
eralization in the context of "homotopy path integrals" shall be the subjects of two 
sequels [5,6] to this paper. We shall, then, return to the very beginning to face with 
anomaly and its fundamental implications to quantization of classical field theory in 
4-th paper [7]. The 5th and the final paper in this series is about correct definition 
and some properties of general QFT algebra [HJ . We are also planning to write few 
companion papers on some examples and applications. 



1 In this series we do not concern non-commutative QFT. 
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In what follows, we have prologue, summary and epilogue to this paper partly due 
to the nature of our program and partly because of rather lengthy and sometimes 
technical nature of its main body. 

- Prologue is a description of the BV quantization scheme such as the meaning of BV 
classical and quantum master equations, classical and quantum observables and 
how the notion of expectation value of quantum observable via path integral is re- 
alized. After some reflections on the scheme, we shall be driven to consider defor- 
mations of the given quantum field theory to study quantum correlators. The de- 
formation problem appears to be governed by Maurer-Cartan equation of certain 
differential graded Lie algebra (DGLA) which is nothing but the BV quantum mas- 
ter equation for family of quantum master action functional. Then we shall face 
arbitrariness of quantum correlation functions. A resolution of this conundrum 
shall be the basic content of this paper. We shall argue that such DGLA should be 
regarded as a descendant structure of more fundamental algebraic structure. 

- In Summary, we sketch the notion of BV QFT algebra and its descendant DGLA 
as the prototype of QFT algebra and its descendant. A BV QFT algebra shall be a 
" quantum cochain complex" together with a super-commutative associative prod- 
uct satisfying certain conditions with respect to fi (formal Planck constant). A BV 
QFT shall be a BV QFT algebra with a natural algebraic counterpart to Feynman 
path integral [Section 2]. We shall also sketch a complete obstruction theory (the- 
ory of anomaly) of quantization of classical observables to quantum observables 
as certain extension problem of classical cochain map to its quantum counter- 
part. Expectation value of quantized observable shall be a "quantum homotopy 
invariant" [Section 3]. We shall, then, sketch the exact solution of all quantum cor- 
relation functions for a BV QFT with the assumption that (i) there is no anom- 
aly in quantization of classical observables and (ii) the number of physically in- 
equivalent observables is finite. As a corollary, we shall show that such a BV QFT 
always comes with its family parametrized by a smooth formal moduli space in 
"quantum coordinates", which notion generalize that of flat coordinates in mod- 
uli space of topological strings [Section 4]. 

- In Epilogue, we argue that the above summarized result of this paper on quantum 
correlation functions of BV QFT and quantum coordinates on its moduli space 
should be interpreted as a case study of morphism of QFT algebra and its descen- 
dant morphism. This suggests a new method of computing quantum correlation 
functions bypassing perturbative Feynman path integrals. 
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1.1. Prologue 

1.1.1. The BV Quantization Scheme Historically BV quantization scheme was invented 
to have a consistent path integral approach to QFT in the presence of certain gauge 
symmetry of a given classical action S c i, which is certain function on the space £ c / 
of relevant classical fields [lj. The presence of gauge symmetry requires Physicists 
to make a suitable choice of gauge fixing to do Feynman path integrals a la Faddev- 
Popov and its homological (BRST) interpretation. BV quantization scheme unifies 
both Faddev- Popov and BRST procedure not only in a greater generality but also gives 
certain consistent condition of path integrals to be independent of choice of gauge fix- 
ing. Such a consistency condition is stated in terms of so-called BV quantum master 
equation, which solution S is called BV quantum master action if it is related with the 
given classical action S c i in certain ways. 

We first recall the common setup to define the BV quantum master equation. One 
of the most important ingredient for the recipe is the BV operator A of BV- algebra, 
which is a triple ' ,A, •) satisfying the following properties: (i) { < £, •) is a Z-graded 
associative and super- commutative R-algebra, and the Z-grading of ^ is specified by 
so called the ghost number, (ii) BV operator A is a K-linear operator A : c 6 l — > 
of ghost number 1 satisfying A 2 = which failure of being a derivation of the product 
• defines so called BV bracket ( , ) : ^ ' <g> & — > c £ i+ i+ 1 , 

{-\j a \a,b) := A{a ■ b) - Aa ■ b - {-lj a] a ■ Ab, (1.1) 

where \a\ denotes the ghost number of a, which is a derivation of the product. It fol- 
lows that BV bracket is a graded Lie bracket with ghost number 1. One also introduce 
the Planck constant ft, regarded as a formal parameter (for our purpose), and extends 
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those algebraic structures naturally and trivially (no star product) to those on ^[[ft]] 
by the condition of R [[h]] -linearity and fi-adic continuity. 

In BV quantization procedure such a BV algebra is realized as algebra of functions on a 
graded space € of certain fields and their anti-fields. The space £ of all fields 
includes the space £ c / of classical fields and ghost fields due to gauge symmetry of S c i , 
symmetry of gauge symmetry etc. The space £ is in the form £^ r*[— 1]£ such that it 
has a natural odd symplectic structure with ghost number -1 and the space £ of all 
fields is a Lagrangian subspace. Then the BV operator A is certain odd differential 
operator of 2nd-order such that its BV bracket ( , ) corresponds to the graded Poisson 
bracket associated with the symplectic structure on £. 

A BV quantum master action S = S + h~S^ H — e ^ is a solution to the BV quan- 
tum master equation; 

H 2 Ae~ s/n = 0, (1.2) 

which is equivalent to 

-fr/iS + i(S,S) = 0, (1.3) 

such that its classical limit S := S \ n=Q £ called BV classical master action, restricted 
to the space £ of fields is the classical action S c i, i.e., s| £ = S c /, and is supposed to 
have encoded complete information of the classical field theory - the nature gauge 
symmetry of the classical action S c i and symmetry of the gauge symmetry etc., such 
that it satisfies the condition (S, S) = 0, called classical BV master equation. 

To be more concrete, let's decompose BV classical master action S based on the con- 
dition that s| £ = Sci as follows 

s=s c i+r. (i.4) 

Then, the piece r, which contains "ghosts and antis", should have information of 
gauge symmetry of the classical action S c i and the nature of symmetry etc. BV classi- 
cal master equation (S, S) = is, then, equivalent to 

{s c i,n+^{r,n=o, (i.5) 

since BV bracket vanishes on £ so that (S C ;,S C ;) = 0. 

Here is a simple explanation for the classical picture. Recall that classical physics 
is dictated by classical equation of motion so that everything should be considered 
modulo classical equation of motion. In the framework of Batalin and Vilkovisky any 



6 



Jae-Suk Park 



expression in the form (S C /,A) vanishes by classical equation of motion and expres- 
sion in the form (T, A) represents action of the symmetry on A. An element Oe^ 
satisfying (S, O) = is called a classical observable, and two classical observables O 
and O' are said to be classical physically equivalent if there is some A e ^ such that 
O' — = (S, A). We, then, note that the condition (S, O) = is rewritten as follows, 

(r,o) = -(s cl ,o), (i.6) 

and means that O should be invariant under the symmetry of S c i modulo classical 
equation of motion to be a classical observable. It follows that two classical observ- 
ables O and O' must be classical physically equivalent (indistinguishable to a classical 
observer) if their difference O' — O can be gauge transformed away modulo equation 
of motion, i.e., O' — O = (T, A) + (S c ;, A). Finally the criterion (1.6) itself should be in- 
variant under the symmetry modulo the classical equation of motion, leading to the 
consistency condition (1.5). 

Remark 1.1. To be more faithful to physical viewpoint, we better say a classical ob- 
servable O above a classical master observable and it is the restriction O c i of O to £ 
is classical observable, which should depend only on classical fields. Decomposing 
= O c i + V accordingly, and the equation (1.6) contains the requirement 

{r,O c i) =-{S cU V) 

£ £ 

that O c i should be invariant under the gauge symmetry of S c / modulo the classical 
equation of motion. But the above condition leads to, possibly infinite, sequence of 
integrability (or consistency) conditions, all of which can be summarized by (1.6). Be- 
ing understood we shall maintain to call O a classical observable. 

Remark 1.2. For a peace with one more widely used classical physical terminology, 
consider the operation (representing action of the symmetry) (-T,*) L, which corre- 
sponds to the BRST operator 5 BR st- The classical BV master equation (1.5) has the 
following leading requirement 

^{r,n\ £ =-{s cl ,n\ z 

that (a representation represents) b~ 2 BRST = modulo the classical equation of motion. 
Again there is, possibly infinite, sequence of integrability (or consistency) conditions, 
all of which can be summarized by the classical master equation (1.5). By the way the 
term BRST quantization is a misnomer. 
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A quantum theoretic notion of observables and their equivalence are to be based on 
Feynman Path Integral. Batalin and Vilkovisky interpreted a path integral as an inte- 
gral over the Lagrangian subspace £ of £ in the following form 

(0) = "Jd//" 0-e- s/n , (1.7) 

where O e ^[[^]], called a quantum observable, should satisfy the following condi- 
tion 

H 2 A\~O-e- s ' n )=0, (1.8) 



H 



which is equivalent to 



-»4O+(S,O) = 0. (1.9) 

The above condition (1.8) together with the condition (1.2) is formal assurance that 
the path integral (1.7) does not depend on continuous changes of £ (homologous de- 
formation of £ in general), which changes amount to the changes of gauge fixing. 

Remark 1.3. A BV quantum master action functional S may be regarded as a sequence 
of ^-corrections to classical BV action functional S, which contains information of 
the given classical action functional S c i and its gauge symmetry etc. etc., such that its 
path integral is independent of choice of gauge fixing. Then, being assured, one may 
choose a gauge suitable to the given situation and proceed to study perturbative Feyn- 
man path integrals. We should, however, emphasize that the BV quantization scheme 
is more than obtaining quantum master action as a preparation of gauge fixing and 
subsequent computations of Feynman diagrams. 

There is a fundamental identity that a Batalin-Vilkovisky-Feynman path integral is 
supposed to be satisfied; for any % — X + hX^ H — e ^[[^]]> 

" J dfx" HA('k-e- s/n )=0. (1.10) 

This identity, besides from its practical utilities of informing us what kind of Feynman 
path integrals must vanish before gauge fixing and perturbative analysis^], gives the 
notion of quantum physical equivalence of observables: Assume that two quantum 
observables O and O' are related as follows; 

<y ■ e~ s/n = O • e~ s/n -HA[X- e~ s/n ) , (1.11) 



2 This identity is a simultaneous generalization of the Schwinger-Dyson equation and the Ward iden- 
tity. 
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Then the identity (1.10) implies that the two quantum observables must have the 
same value in path integrals, (O') = (O). So those observables are said to be quan- 
tum physically equivalent. 

The relation (1.11) is equivalent to O' — O =—HA'k + {S,'k), so that the classical limit 
O and O' of O and O' are classical physically equivalent observables, i.e., O' — O = 
(S,A) where A = Q . Physicist may say a classical observable O g c €, (S,0) = 0, is 
quantizable if there is a sequence of quantum corrections O = 0+n~0^ + h~ 2 0^-\ — e 
<£[[%]] ofit such that-ftziO+(S,O) = 0. 

Remark 1.4. No Physicist would say that she or he is actually defining and doing math 
with the integral (1.7), which since is more like an artistic symbol for collective wis- 
dom and mastery. It should be noted, however, the finite dimensional version of Batalin- 
Vilkovisky-Feynman path integral exists mathematically and all of its desired proper- 
ties are theorems 1 9 1 . 

Remark 1.5. Physicist may call (O) in (1.7) un-normalized expectation value of the 
(quantum) observable O . The following normalization 

(Q) _ "J & dfi"0-e-^ 
(1) ~ "J^dn-e-s/* ' 

is canonical, provided that the partition function (1) is non-zero. In general, physicist 
seems to assume that there is a suitable normalization such that expectation value of 
every quantum observable has no negative power in h. We shall adopt such viewpoint 
throughout this paper, and expectation value shall always mean such the normalized 
expectation value. 

1.1.2. Conundrum: arbitrariness of quantum correlators An implication of BV quan- 
tization scheme is that one might identify path integral with a certain linear map from 
the space of equivalence classes of quantum observables to K [[fl]]. At this stage it is 
convenient to denote the operator —tiA+(S,») by the single letter K. Then K increase 
the ghost number by 1 and satisfies K 2 = due the BV quantum master equation (1.2). 
Let Q denote the classical limit of K, Q = kL =q = (S,«) such that Q 2 = 0. The condi- 
tion (1.8) for quantum observable O is KO = and the identity (1.10) is {K'k) = 0. 
Also the condition (1.11) for the two quantum observables O, and O' being physi- 
cally equivalent is O' = O + Kk, so that we have (O') = (O) + {Kk) = (O). Thus path 
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integral might be interpreted as a certain linear map from the cohomology of the com- 
plex (^[[7?]], K). It might, then, be natural to study correlation functions of quantum 
observables by exploiting algebraic structure in cohomology of the cochain complex 

Naively correlation function of two quantum observables is the expectation value of 
the product two quantum observables. However, the product of two quantum observ- 
ables Oi and O2 may not even be a quantum observable in general. Even for the case 
that K (Oi • O2) = 0, the K -cohomology class of the product Oi • O2 has no canonical 
meaning in terms of equivalence classes of Oi and O2. This is due to the fundamen- 
tal property (1.1) of the BV operator A that it is not a derivation of the product, which 
implies that the operator K := —HA + (S,«) is also not a derivation of the product 
-the failure of K being a derivation of the product is proportional to h so that that 
the classical limit Q of K is a derivation of the product. In the classical picture the 
story is different. The condition for classical observable is QO = 0, and two classical 
observables O and Of are (classical) physically equivalent if O' = O + QA. Thus two 
classical observables are physically equivalent if and only if they belong to the same 
cohomology class of the cochain complex { c € , Q). In the classical picture, however, Q is 
a derivation of the product so that there is well-defined algebra of equivalence classes 
of classical observables. 

There is seemingly a natural resolution of the above vexing problem if the given QFT 
comes with certain family [ 10 1 . We observe that the two consistent conditions (1.2) 
and (1.8) are combined into the following single equation with certain parameter t 

K 2 A e -^ s+tO ' = modulo t 2 . (1.12) 

Thus it seems natural to associate the given BV quantized field theory with BV quan- 
tum master action S to a family of theories with deformed BV quantum master action 
S = S+0; 

such that infinitesimal part of the deformation term is given by quantum observ- 
ables of the initial theory. The above equation for such a family is equivalent to the 
following equation 

K0 + i(0,0) = O. (1.14) 

It turns out that an all order solution 0, if exists, also can be used to "quantum correct" 
the products of n quantum observables to be quantum observables for all n — 2, 3, • ■ • . 
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Example 1.1. Let {O;}, i e /, denote a certain set of quantum observables, of our in- 
terests. Introduce a corresponding set of parameters {?,} such that |£;| + |0 ; | = 0. Then 
= ^ f/O; H — is a solution to (1.14) modulo (f ) 2 since KO, =0. The ability to ex- 
tend the first order solution to a second order solution amounts to existence of certain 
set {O i7 } in ^[[ft]]l 'l + l°,l satisfying 

-(-l)'°'l(0 /f O,) = KOy. (1.15) 

Then 

= UOi + tj ti Oij mod t 3 

i i.j 

solves (1.14) modulo (f ) 3 . The products ; • Ojof two quantum observables, in gen- 
eral, are not quantum observables - they do not belong to Ker K but 

K(O r 7 ) = -ft(-l) |0il (0,-,0,). (1-16) 

Combining the above with (1.15), we see that the existence of !; is equivalent to the 
ability of finding quantum correction to the products O ai ■ O fl2 as follows 

Kij-Oi-Oj-nOij 

such that Kiiij = 0. Then we might take rcy as a definition of 2-point correlator and its 
expectation value as 2-point correlation function. Assuming that can be extended to 
all orders, allows quantum corrections to n -tuple products ;i ••• 0;„ of quantum 
observables to get n-point correlators ni r -i„ satisfying Kn, r ..,'„ = for all n = 2,3,..., 
simultaneously. Then all n -point correlation functions are determined algebraically 
after fixing a k [[ti]] -linear map from the space of equivalence classes of quantum ob- 
servables, i.e., (n h ... in ). 

But there are serious problems in the above approach. It is suffice to consider 2-point 
correlators. 

Example 1.2. Assume that !; solves (1.15), so that rc !; - := O, • Oj - ^Oy satisfies 
KjTj-j = 0. Then, for any Xy satisfying KXy = 0, O ^ ■ = 0// - X/ ; - also solves (1.15) so 
that n \j := O i ■ O j — ti O \- also satisfies K n ^ ■ = 0. Thus we obtain n'^ — n / / = Jl X ij and 

(*y)-(*v) = »( x u) 

as a consequence. We may say that the two solutions Oy and O^ - are equivalent if 
Xij = KXtj , leading to the same 2-point correlation function. But we can also choose 
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Xij to be an arbitrary k[[7z]] -linear combinations of non-trivial quantum observables. 
Then the value (x,-^ can be anything, meaning that ^-dependent part of 2-point 
quantum correlation function (thus the quantum correction) has essentially zero in- 
formation. 

The story for higher-point correlation functions are more subtle, and we need a sys- 
tematic way to remove the similarly irrelevant information. Thus we somehow need 
to look for not any solution but for a certain special solution to the equation (1.14), 
equivalently, the BV quantum master equation (1.13), with a justification of such a 
choice. 

Remark 1.6. Let's call, for this paper, a graded Lie algebra a with degree 1 bracket 
[•,•] and degree 1 differential d, which squares to zero and a graded derivation of 
the bracket, a DGLA. The Maurer-Cartan (MC) equation of the DGLA is the equation 
dj + ^[t>T] — f° r T e 0°- The MC equation can be naturally generalized such that 
suitably parametrized solution can be considered by tensoring the DGLA with appro- 
priate parameter algebra. Study of MC equation of DGLA is equivalent to study of 
Loo-morphisms up to homotopy from the cohomology of the cochain complex (g, d) 
to the DGLA. In the BV quantization procedure, there are several DGLAs with their 
MC equations being involved. 

1. From a classical action S c / to classical BV master action S = S c i + T: Consider the 
classical BV master equation 

^(s,s) = Q c ir+^(r,n = o. 

Here (^,Q C /,(•,•)) is a DGLA over R, where Q c i := (S c /,»), which satisfies Q 2 cl = 
since {S c i,S c i) — 0, and its MC equation is the classical BV master equation. 

2. Classical BV master action S and classical observables: Let Q := (S,«), which satis- 
fies Q 2 = since (S,S) = 0. Then ( < ^,Q,(«,«)) is a DGLA over R. The MC equation is 
then 

Q0 + i(0,0) = O, 

which an infinitesimal solution O is a classical observable. 

3. From the BV algebra ( ^ , A, ■ ) with the associated BV bracket (•,•), the triple ( ^ , A, (•, •)) 
is also a DGLA over R. But, we have no use of this DGLA. 
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4. From the above data one can construct the triple { c € [[ft]], -HA, (•,•)), which is a 
DGLA over R[ft]]. Its MC equation 



is, then, the quantum BV master equation (1.2). 
5. Let S be a quantum BV master action. Then the operator K := —HA+(S,») satisfies 
K 2 = and the triple (^[[ft]], K, (•,•)) is a DGLA over R[[H]]. Its MC equation 



is the quantum BV master equation ( 1 . 14) for the deformation of quantum BV mas- 
ter action S to S +0, which an infinitesimal solution O is a quantum observable. 

An implication of our demonstration is that the various DGLAs should be regarded as 
secondary notions in quantization procedure. Satisfying MC equation of the relevant 
DGLA at each stage of quantization procedure should be a consequence but not the 
goal. 

There is an alternative way to approach the problem. Instead of trying to solve the 
equation (1.13), we may reduce the problem to certain extension problem of classical 
observables to quantum observables, which procedure automatically gives a special 
solution to (1.13). 

Example 1.3. Let {0,}, i e / be a certain set of classical observables, QO,- = 0, in which 
we are interested. Let's also assume that those classical observables are extendable to 
quantum observables, say {O;}, i e / and we know their expectation values {(0;)}. 
Now we want to figure out 2-point quantum correlation functions between them. To 
simplify example we assume that the ghost numbers of O; are all zero, i.e., O,- <£ c €°. 
Let's assume that {0 : } somehow form a closed algebra in the sense that there are iden- 
tities like 



where Xij e c €~ l . Then it can be easily shown that the structure constants m,^ de- 
pend only on the Q-cohomology classes of Of , I e /. Note that Xij above are not 
uniquely determined but only up to Ker Q. Note also that the commutativity O; • 
Oj — Oj ■ Oi of the product • implies that m,j fc = rriji k as well as Qx[//j = 0, where 




1 





(1.17) 
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X[ij] := | [xij -Xjij. Thus the term Qxij in (1.17) can be replaced with QA ; y, where 
Xij — \{xij +Xji). Then the expression Ljj = 0/ • ; -Xfcs/ m !7^* : _ KA !; - obviously 
satisfy Lj 7 - = L ; -,- and is divisible by tl, since L,j| ft=0 = by definition. So we can define 
Oij e ^ [[ft]] by the following formula 

»Oy := 0/ • Oj -^\n tl k O k - KXtj, (1.18) 

ike/ 

which automatically gives us 2-point quantum correlators n, -j :— O , • ; - H O , ; - . It also 
follows that Jii] = ^ keI rriij k Ok + KX; ; - and 2-points correlation functions («/;) = 
Xifce/ m ij fc (Ojt) determined by the classical data m,j fc and the expectation values 
i(O k )} keI . 

Note that the equation (1.14) has played no roles in the above. Now let's apply K to 
the both hand sides of (1.18) to obtain fl K O := -H ( O t , Oj ) , that is 

KO /; + (Oi,O ; )=0 (1.19) 

Thus = + tj t'Oij mod t 3 solves the equation (1.14) modulo t 3 . It 

is clear that not every solution of the equation (1.14) modulo f 3 satisfies (1.18). We 
also emphasize that the three assumptions that we have made to have 2-point quan- 
tum correlators among the set {O;}, i e / of quantum observables are not sufficient 
conditions to have 3-point quantum correlators among the set {O;}, i e /. Similarly 
the ability to define n -point quantum correlators among certain set of quantum ob- 
servables does not imply that we have [n + l)-point quantum correlators among its 
members. This is just in the nature of quantum correlations. 

The proper setting for the above turns out to be the notion of BV QFT algebra, which 
produces the DGLA in (1.14) as a descendant notion. We shall, then, introduce new 
notion of master equation of BV QFT algebra, which solution is automatically the 
desired special solution to the MC equation (1.14) (equivalently to the BV quantum 
master equation (1.13)), while not every solution of (1.14) is descended from the new 
quantum master equation. The corresponding obstruction theory should directly deal 
with obstructions to those quantum corrections to all order products of quantum ob- 
servables. We shall see that such obstruction theory is completely determined by ob- 
struction to extending classical observables to quantum observables. 
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1.2. Summary of This Paper 

1.2.1. BVQFT algebra and its descendant. Fix a ground field k of characteristic zero, 
Ik = R for example. Let •) be aZ-graded super-commutative and associative unital 
Ik-algebra with the multiplication •. Let 



Then c € [[ft]] has the canonical multiplication induced from c € , which will be denoted 
by the same symbol -. Thus (^[[ft]], •) is a Z-graded super-commutative and asso- 
ciative unital k[[^]]-algebra. In general a k-multilinear map of into ^ canonically 
induces a k[[tl]] multilinear map of ^[[ft]] into ^ [[ft]], and we shall not distinguish 
them. Projection of any structure parametrized by fi on [[ft]] to will be called 
taking classical limit. 

Definition 1.1. LetK = Q + ftKW + ft 2 K^ + ft 3 K^ + --- be a sequence ofk-linear maps, 
parametrized by fi, of ghost number 1 on into % J satisfying K 2 = and K 1 = 0. Then 
the triple 



is a BV QFT algebra if the failure of K being a derivation of the product - is divisible by 
ft and the binary operation measuring the failure is a derivation of the product. 

It follows that the classical limit Q of K is a derivation of the product. Thus, the classi- 
cal limit 



of the BV QFT algebra is a super-commutative associative unital differential graded 
algebra (CDGA) over k. 

On [[ft]], being freely generated by c € , there is natural automorphism g = 1 + gMft-l- 
g^ft 2 H — , where are ghost number preserving k-linear maps on into c € . Such 
an automorphism will acts on both the unary operation K and the binary operation • 
as K -> K' such that K' = gKg 1 and • -> •' such that •' = g (g" 1 • g" 1 ) . It is trivial that 
[[ft]], K', •') is also a BV QFT algebra. Note that such automorphisms fix the classi- 
cal limit, i.e., Q — Q':— K'L =Q and a ■' b = a - b for a,b e ^. Such an automorphism 
should be regarded as "gauge symmetry" of "underlying QFT", so that the resulting 
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two BVQFT algebras (^[[Tz]], K, •) and K', •') should be regarded as equiva- 

lent. Thus we are lead to study BV QFT algebra modulo the "gauge symmetry", while 
our algebraic path integral shall be "gauge invariant". 

Let ( , ) : <8> ^ [[H]] k2 — >^[[tl]] k ^- 1 be the binary operation divided by H; 

-fc(-l) |a| (a,b):=K(a-b)-Ka-b-(-l) |a| a-Kb. (1.20) 

Then the triple (^[[fa]], K,( , )), after forgetting the product, is a differential graded Lie 
algebra (DGLA) over k[[7z]]. We emphasis that the bracket ( , ) is a purely secondary 
notion in the definition of BV QFT algebra. Thus, the triple (^[[^]], K,( , )) shall be 
called the descendant DGLA to the BV QFT algebra [[%]], K, • ). The classical limit 
{^€, Q, ( , )) of the descendant DGLA is a DGLA over k (we are abusing the notations by 
not distinguishing the bracket ( , ) (1.20) with its classical limit). Note that not every 
DGLA over k is a classical limit of the descendant DGLA of a BV QFT algebra. We also 
emphasis that the DGLA (^,Q,( , )) has a quantum origin, however the secondary no- 
tion as it is. Under a gauge symmetry of BV QFT algebra the bracket in its descendant 
DGLA changes as ( , )' = g(g _1 ,g _1 ), while its classical limit remains fixed, 

Remark 1.7. A typical example of BV QFT algebra is an output of a successful BV quan- 
tization, which procedure has been briefly summarized earlier. Let S = S + h~SW H — 
be the resulting BV quantum master action. Then (^[[Tz]], K := —flA + {S, ), • ) is a 
BV QFT algebra with with the descendant DGLA (<#[[&]], K, (•,•)) . The classical limit 
of the BVQFT algebra is («tf,Q:=(S f ), ■)■ 

Example 1.4. A better example could be the bare data of a classical field theory, a clas- 
sical action S c i which is certain function on the space £ c / of classical fields with zero 
ghost number. Assuming that some artist can always supply a BV operator A c i to the 
algebra { c € c i, ■ ) of functions on T*[— l]£ c /, it is automatic that fl 2 A c i e~ Scl ^ n = 0. Then 
every classical field theory to quantize gives us a BV QFT algebra { c € c i [[h~]], K c / = 
—HA c i + [Sci, ), • )• This setting shall be a starting point of the 4-th paper in this 
series. 

1.2.2. Observables and expectation values We denote cohomology of the cochain com- 
plex { c € ,Q) over k by H, which is a Z-graded k-module (a graded vector space over 
k). Following physics terminology we call an element Oela classical observable if 
QO = 0. Two classical observable O and O' are (classical) physically equivalent if there 
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is some A such that 0' — = QX. Thus a classical observable O is a representative of its 
cohomology class [O] in H, and two classical observables are physically equivalent if 
and only if they are representatives of the same cohomology class. It follows that clas- 
sical observables can be organized by a Ik-linear map / : H — > c € preserving the ghost 
number such that Qf = and [/([O])] = [O]. Such a map / is not unique since any 
map f = f + Qs also satisfy [/'([O])] = [O] for an arbitrary Ik-linear map 5 : H — > "if? 
of ghost number -1, and classical physics must not distinguish them. 

Following physics terminology we might say that a classical observable O e ^1°! is 
quantized to a quantum observableii there is an O e such that O|^ =0 = O 

and KO = 0. On the other hand such quantized observable O is supposed to be 
(quantum) physically equivalent to O' = O + K^- for any % e which classi- 

cal limit O' is, in general, differ to O by a Q-exact term. Thus quantization of a classical 
observable O should be a statement about its cohomology class [O]. 

Sorting out those terminologies, classical observables are organized by a cochain map 
/ from the cohomology H, regarded as a cochain complex with zero differential, to the 
cochain complex , OJ which induces the identity map on H and is defined up to ho- 
motopy. And, quantization of classical observables is an extension of / to a sequence 
f = f+TlfW + tlf®-\ — of Ik-linear and ghost number preserving maps, parametrized 
by fl, on H into % such that f satisfy Kf = 0. Such an extension is not always possible 
and should be defined up to "quantum homotopy", The obstruction for extending / 
to the whole sequence f,p- l \f- z \--- as well as every possible ambiguity of the proce- 
dure is summarized by our first theorem. 

Theorem 1.1. Let f be a cochain map from [H, 0) to { c € ,Q) which induces the identity 
map on the cohomology H. On H[[fi]\, modulo its natural automorphism, 

1. there is an uniquek[[h]] -linear map k — h~K^ + ft 2 K^ H — of ghost number 1 into 
itself which is induced from a sequenced, k^ 2 \- ■ ■ ofk-linear maps on H into H, 
satisfying k 2 = andi<\ n=0 = 0, 

2. there is ak[[h]] -linear map f— f+ftfW + h~ 2 f^-\ — of ghost number into c £[[ti\], 
which is induced from a sequence /,/ (1 \/^ 2 ',--- ofk-linear maps on H into , 
which satisfies 



Kf=fK, 
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and is defined up to quantum homotopy; 

f~f = f+Ks + SK, 

where s = s + hs^ + h 2 s^ H — is an arbitrary sequence of k-linear maps of ghost 
number - 1 parametrized byh onH into . 

We shall sometimes refer a map f with the above stated properties a quantum exten- 
sion map. An essential content of the above theorem concerning obstruction is that a 
classical observable O is extendable to a quantum observable if and only if its coho- 
mology class [O] is annihilated by k, i.e., fc^l QO]) = for all £ — 1,2,3, 

Remark 1.8. The classical limit of quantum homotopy equivalence f~f = f+Ks + SK 
isf~f' = f + Qs since the classical limit of k is zero. Thus it reduces to homotopy 
equivalence of cochain maps from {H, 0) to {<€ , Q). 

Remark 1.9. An automorphism on //[[ft]] is an arbitrary sequence \ = l+tl^+tl 2 ^+ 
■ ■ ■ of k-linear maps with ghost number parametrized by h on H into itself satisfying 
^\h=o = 1- Such an automorphism fix H and send k to and f to f^. Note that 

every automorphism fix / as well as k-W, since k|^ =q = 0. 

Now we have a room to accommodate "Feynman Path Integral". 

Definition 1.2. A BV QFT with ghost number anomaly N is a BV QFT algebra with a 
sequence of k-linear maps c := c^ + tlc^ + h~ 2 c^ H — , parametrized by h, of ghost 
number -N on ^ into k which satisfies cK = and is defined up to quantum homo- 
topy; 

c~c' = c + rK, 

where r = r(°' + flr^> + H 2 rW H — is an arbitrary sequence of k-linear maps of ghost 
number -N - 1 parametrized by h on % J intok. 

Remark 1.10. Note again that the ghost number of k (and k[[ft]]) is concentrated to 
zero. So the sequence c (0 ) ,cM,c( 2 V" of k-linear maps should be zero maps on c € n for 
n^N. 

Remark 1.11. The different choice of c within the same quantum homotopy class is a 
realization of the different choice of gauge fixing. 
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We recall that our first theorem give a sequence f := / + fif^ + h~ 2 f^ H — of Ik-linear 
maps parametrized by ft on H into defined up to quantum homotopy satisfying 
Kf = fK. We can compose the map f, regarded as a k[[ft]]-linear map on = 
H<8>k k[ [ft] ] into ^ [ [ft] ] , with the map c := + ft c« + ft 2 c& + ■ ■ ■ , regarded as a k[ [ ft] ] - 
linear map on ^[[7?]] into k[[ft]], to obtain a sequence 

t : = cf=^ + ^m + ^¥ 2 ) + - 

of k-linear maps parametrized by ft on H into k such that 

L W = Y^ c (n-e) f m t n = 0,1,2,.... 

The ambiguity of i due to the ambiguities of f and c up to quantum homotopy f~f 
andc~c', is 

i/-i=cY-cf=(cs + rf+rKs)K. 

Remark 1.12. An automorphism g on sends f to gf and c to eg™ 1 , since f and c 

are k[[^]] -linear maps to c <?[[72]] andfrom ^ [[fl]], respectively. Thus i =cfis invariant 
under the automorphism of BV QFT algebra. 

We recall that a classical observable O is extendable to a quantum observable O if 
and only if k([0]) = and, then, i([0]) = i/([0]). By the way, it is the cohomology 
class of classical observable that is observable to a classical observer. Also there is no 
genuine classical observable so that every classical observation must be classical limit 
of quantum observation. So we can omit the decorations "classical" and "quantum" 
and define an and their expectation values: 

Definition 1.3. An observableo is an element of the cohomology H of the complex^ ,Q) 
satisfying (o) = for all n = 1, 2, 3, • • • . An element ofH which is not an observable 
shall be called an invisible. The expectation value an observable o is 

oo n 
n=0 1=0 

which is a quantum homotopy invariant as well as invariant under the automorphism 
of BV QFT algebra. 

Remark 1.13. Being understood, we may continue to use the notation (O) for the ex- 
pectation value of quantum observable O if O = f(o) instead of i(o). The composition 
i = c o f is our take of i ntegrale de chemin de ieynman. 
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1.2.3. Quantum master equations and quantum correlation functions: a case study. 
Fix a BV QFT algebra (^[[fe]], K, • ) and its descendant DGLA (^[[ft]], K,(»,»)) with 
classical limits , Q, • ) and (<ff , Q, (•, •)) , respectively. Let H denote the cohomology 
group of the classical complex { C £,Q). The purpose of this section is to study quantum 
correlations specialized to a class of BV QFTs that k = on H identically so that we 
don't need to deal with invisibles. We shall also assume that H is finite dimensional 
for each ghost numbers for the sake of simplicity. Those assumptions shall allow us to 
describe every quantum correlation function, thus exact solution of a BV QFT. 

From the assumption that k = and theorem ll.U we have a sequence f = f+tlf^-\ — 
of Ik-linear maps on H into % of ghost number zero such that Kf = 0, which classical 
limit / = fL =0 is a quasi-isomorphism of complexes / : [H,0) — > [*€ ,Q), which in- 
duces the identity map on H. From the condition K 1 = 0, thus Ql = 0, in the definition 
of BV QFT algebra, there is a distinguished element eeH corresponding to the coho- 
mology class [1] of the unit 1 in ■ ). On H there is also an unique binary product 
m2\H®H — > H of ghost number induced from the product in the CDGA , Q, • ); 
let a,b ZlH then mz{a, b) :— [f{a] ■ /(&)] which is an homotopy invariant since Q is a 
derivation of the product •, and m 2 {e, b) = mzib, e) = b, such that [H, 0, ra 2 ) is a CDGA 
with unit e with zero differential. It is natural to fix / and f such that f{e) = 1 and 
f(e) = l. 

It is convenient to fix a basis [e a ] of H such that one of its component, say eo is the 
distinguished element. Let tn = {t a } be the dual basis (basis of H*) such that \t a \ + 
\e a \ = 0, which is a coordinates system on H with a distinguished coordinate t°. We 
denote \d a — d/dt a }be the corresponding formal partial derivatives action on k[[f#]] 
a derivations. The product m 2 is specified by structure constants m a ^~( e k such that 
m2{e a ,ep) = m a p r e r and m^ = 5pY. The binary multiplication m 2 on H can be 
identified with a derivation m\ = \t a2 1" 1 m ai a 2 r ifff on k[[tn]] with ghost number 0, 
where we are using and going to use Einstein summation convention that a repeated 
upper and lower index is summed over. Any multilinear map m n : S n H —> H of ghost 
number is similarly identified with a derivation m n on k[[£#]] of ghost number 0. 
We shall also use notations f{e a ) = O a such that KO« = 0. 

Now the triple (k[[ t H ]] ® [ [H]], K, • ) is a BV QFT algebra, where K and ■ are the short- 
hand notions for 1®K and(a®x)-(Z?®y) = (— l)Wl b lflfo®xyfor a,b ek[[£#]] anda.pe 
^[[ft]], respectively. We denote its descendant algebra by (k[[£#]] ® ^[[ft]], K,( , )), 
where (a <8>x,fo ®y) = (— l)W +1 5l*'afc ® (x,y). The symbol ® means tensor (or com- 
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pleted tensor) product, which shall be omitted whenever possible. Then, the following 
theorem contains the complete information of quantum correlation functions; 

Theoreml.2. On H there is a sequence m^m^m^,--- of multilinear multiplications 
m n : S n H —> H of ghost number such thatm 2 (e , e a ) = e a and m n {e , e a2 ,--- , e an - l ) = 
for alln = 3,4,5,---. And, there is a family ofBV QFTs specified by 

= 1 + 2 + 03 + --e(k[[^]]®^[[^]]) , 

where®! = t a i{e a ) = t a O a and 0„ = ±t a »--- t ai O av .. an e (S n (H*)® ^[[h]])°, satisfy- 
ing 

1. quantum master equation: 

O=K0i, 
HQ 2 =-0i -0i - m\&i - KA 2 , 

H0 3 =^0! -0 2 - I/nJea- i(8i,yl 2 ) - m*0i - KA 3 , 

— -^0* 0„- fc - > —. -{ m[Q n - k+l + {G n - k ,A k ) 

k=i n(n-l) f^n{n-l)y k J 

-m»,0i-KA„, 

for some A 2 ,A 3 , ■ ■ ■ e (k [ [ t H ] ] <g> _1 . 

2. quantum identity: 5 O = 1. 

3. quantum descendant equation 

K0+-(0,0) =0, 

as a consequence of quantum master equation. 

Remark 1.14. The quantum master equation is better understood as definition of 
order by order in the word-length in t H from the quantum extension map f. To begin 
with 0i := t a i{e a ), implying that K0i =0, implying that Q0 = 0, implying that 0i Oi e 
Ker Q, inferring that Q\ ■ Q\ = m\0\ + QA 2 for unique m\ and for some A 2 defined 
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modulo Ker Q, implying that |0i • 0i — m 2 ®\ — K/l 2 is divisible by h, thus we define 
02 by the 2-nd of quantum master equation and infers that K02 + 1 (0i,0i) = 0. Then 
it can be shown that the expression |©i • 02 - \m\0z — |(0i,^2) £ Ker Q such that 
it can be expressed as m\0\ + QA 3 for unique mjj and for some A 3 defined modulo 
Ker Q, implying that the expression |0j -0 2 - \ i m\& 2 - |(0i.^2) - m\®\ — KA 3 is 
divisible by fl, thus we define 03 by the 3rd of quantum master equation and infers 
that K03 + (0i,02) = 0, et cetera, ad infinitum. 

One of the immediate consequence of our main result is that that the classical limit 
of is a solution to the DGLA [f€ , Q. • ) of very special kind. 

Corollary 1.1. There exists a solution to the classical descendant equation 

1 00 1 

Q0+-(0,0)=O, 0=t a O a + y j -t^-t a 'O av .. an ^{h[[t H ]]®^Y (1.21) 

such that 

1. (versality) the set ofcohomology classes [O a ] form a basis of cohomology H of the 
classical complex , Q) 

2. (quantum coordinates) is the classical limit of the solution to quantum master 
equation 

3. (quantum identity) 8 O = 1. 

It is a standard fact that there is a structure of minimal -algebra (an -algebra 
with zero -differential) on cohomology of DGLA which is quasi-isomorphic as L^- 
algebra, and such a minimal -structure is the obstruction to have versal solution 
to its Maurer-Cartan equation. A DGLA is called formal if the minimal Loo-algebra on 
its cohomology is a graded Lie algebra, and a formal DGLA has an associated smooth 
moduli space if and only if the graded Lie algebra on its cohomology is Abelian, i.e., 
the graded Lie bracket vanishes on H [11]. Now the versal solution we have is an L^- 
quasi-isomorphism of very special kind since not every versal solution of (1.21) arises 
as the classical limit of solution of quantum master equation. Hence we conclude 
that an anomaly-free BV QFT has its natural family parametrized by a smooth moduli 
space M, a formal super-manifold, in quantum coordinates. 

It shall be argued that the notion of quantum coordinates is a proper name and gener- 
alization of that of flat or special coordinates on moduli spaces of topological strings - 
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in the context of Witten-Dijkgraaf-Verlinde-Verlinde (WDDV) equation |3,4J as well as 
the mirror map by Candelas-de la Ossa-Green-Parkes II121I13I . For the mathematical 
side, both the pioneering works of K. Saito and Barannikov-Kontsevich on flat struc- 
ture on moduli space of universal unfolding of simple singularities [2] and the flat co- 
ordinates in differential BV algebra satisfying a version of dd -lemma [14], respectively 
are also examples of quantum coordinates. 

The solution of the quantum master equation shall be used to define generating 
function of all quantum correlators by the formula 



n=l n=l 

where the sequence fti.lW" is defined by matching the word-lengths in tn- 

O — —t a " ••• t ai rt 

n\ 

where n ai -a„ e ^[[ft]] |ail+ '" +|a " with the classical limit 

^ai-a n \f l=0 = O ai ••■O a , r 

Note that Hi = 0i = t a O a generates 1-point quantum correlators. The quantum de- 
scendant equation, which is equivalent to H 2 K e~ & l n = 0, implies that Kfi„ = for all 
n = 1,2, . . ., that Sl n generates n-point quantum correlators. 

The following lemma, due to quantum master equation, relates generating functions 
of n -points quantum correlators for every n to 0i; 



Lemma 1.1. For every n > 2, we have 

Sl„ = p i n Oi + Kx n 

where p' = m\, x 2 = A 2 , and 

. n— 1 



+l-k' 

n-\ 
(//-!)■ 



x„ = {-hf- 2 A n + 1 V {-nf- 2 k{k - l)f m{x n+1 _ fc + A k ■ fl n - k ) . 



k=2 
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Hence, we conclude that 

<n„> = P { <0i) = \f n - t ai p ai - an r (o r ) , 

for n > 2, while (Hi) = t a <0„). 

Example 1.5. The first few quantum correlators are 

ni=0i, 

n 2 - ^0 2 - k®2, 
n 3 -^0?-^0i0 2 + ^ 2 03, 

n 4 - ^0? - |o 2 2 + fi 2 (©103 + - ^ 3 4 - 

and 

(n 2 )=m»(0 1 ), 

/r> \ f 1 I I I 7l j j 7? j j 2 A \ 

= I — m 2 m 2 m 2 ~ ~£ m 2 m 3 - —m 3 m 2 + " m 4 J • 

We define the generating functional 3f(fn) of all quantum correlation functions as 
follows 

:=< 1 > +2 V" <n "> = (1> +2 ^ V"^" ■'" ^ (7Xai - a " ) 

fi=l n=l 

which gives an arbitrary n -point correlation function by 

(n av .. an ) = (-n) n d ai -d an ntH)\ t=Q . 
Now the lemma 1.1 implies that 

nt H )=(i}-^nt H j(o r } 

where 

We call {T r } quantum coordinates for family, which encodes the essential informa- 
tion of quantum correlation functions. Detailed discussions on it is a subject of the 
next paper in this series. 
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7.3. Epilogue: It's morphism of QFT algebra, stupid 

Quantum field theory, in general, has infinitely many observables. The results sum- 
marized in the above are applicable to certain finite super-selection sector and to 
general topological field theory. Or an effective description of quantum field theory 
with certain filtration of super-selection sectors (with respect to suitable scale , etc..) 

Definition 1.4. A super-selection sector of BV QFT algebra (^[[h]], K,-) is a sub-algebra 
{ c € r [[h]],K,-) such that I ^^ r , % r -<€ r c Q<€ r c <g r , andK^^ r d c € r forall 
£ > 1. A super-selection sector with super-selection ruler is called finite if the cohomol- 
ogy H r of the reduced classical complex (^ r ,Q) is finite dimensional for each ghost 
number. 

The assumption of the finite dimensionality of the space H of observables may be a 
technicality, though we may hardly expect to be able to determine all possible quan- 
tum correlations between infinitely many different observables in practice. At present, 
it is more important for us to gain some preliminary understanding of underlying al- 
gebraic structures of quantum field theory as the premise of our program to unfold 
besides from those possible applications, We would, however, also like to suggest an 
algorithm of computing quantum correlations. The main purpose of this epilogue is 
to describe such a procedure and to justify our assertion that quantum filed theory is 
a study of morphisms of QFT algebras. 

The essential point is to figuring out the quantization map f : H — > ^[[ft]] such that 
Kf = 0, i{e) — 1 and its classical limit / : H — > a map of choosing representative in 
^ of each and every element in H such that / is Ik-linear and f[e) = 1. (In Section 3 
an algorithm to extend / to f is described). Once f = f+flf- 1 ^ -\ — is known algebra 
of quantum correlation functions is completely determined from it. Let a\,a 2 ^Hbe 
any pairs of observables, i.e., kai = Ka 2 = 0, and we are interested in their two point 
quantum correlations. From Qf{ai) — Qf{a 2 ) = 0, then Q{f{a\) ■ f{a2)) = since Q is 
a derivation of the product •. Define 

m 2 {a l ,a 2 )= [/(«i)-/(« 2 )] &H^ + ^, 

by computing the classical cohomology class of • f{a 2 ). Then / : H — > is an 
algebra map up to homotopy 

f{a\) ■ f{a 2 ) = f{m 2 {a\,a 2 )) + QA 2 {a 1 ,a 2 ) 
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for some k-bilinear map A2 : S 2 {H) — > % with ghost number —1. It follows that the 
expression i{ai)-i{a 2 ) — i{m 2 {ai,a 2 )) — KA2 (01,02) is divisible by %. Thus the failure 
of f being an algebra map up to homotopy is divisible by fl. Then fy 2 , defined by the 
following formula 

ti§ 2 {ai,a 2 ) :=f(ai)-f(fl 2 )-f(w2(ai,fl 2 )) - KA 2 (ai,a 2 ), 

is a k[[^]]-bilinear map on S 2 H[[fl]] into of ghost number 0. Consequently we 

have the following 2-point quantum correlator 

n 2 {ai,a 2 )-fi{ai)-f{a 2 )- Hf 2 (ai,a 2 ) = f(ra 2 (ai,a 2 )) + KA 2 (ai,a 2 ) 

with the correlation function 

(n 2 (fli, a 2 )) = (f(m 2 (fli,a 2 ))) . 

Remark 1.15. We note that the conditions Kai = Ka 2 = do not imply Km 2 {a\, a 2 ) = 
0. We are assuming that k = identically on H. 

Let <j> = <j>i,<j>2,(|»3,-- - be an infinite sequence of k[[h]] -multilinear maps 

fb„=cp n + tl(pW + tl 2 (pW + -:S n {H)^^[[H]], rc = 1,2,3,4,- 
of ghost number zero defined by the following recursive relations 



4>i 

%§ 2 {ai,a 2 ) 
%^-i{a\,a 2 ,ai) 



=f, 

=§\{ai) ■ <t>i(a 2 ) - ^\{m 2 {ai,a 2 )) - KX 2 {ai,a 2 ), 
=M- i [ai,a 2 ,a- i ) -<t>i(m 3 (ai,a 2 ,«3))- KX 2 {ai,a 2 ,a 3 ), 



(1.22) 



ft§ n {ai, •■•,a n ) :=M„(fli,---,a„) -<j>i [m n [a\,-- -,a n )) - KA„(ai, •■•,a n ), 
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where M2(fli,fl2) = <t»i(«i) - <t*i(«2) and M„ for n >3 is 
M„(fli, •••,«„) 

S 1 — k) ^-i I , 
, — j-j / , (-1)' l <t>A;(fl(7(l),--- l flcr(fc))-<t)n-/t(flo'(J;+l) l ---,«o-(n)) 

k=l 1 ' o-eS„ 

- ^ | —p: ^ (-l) l<7 '<l>n-A;+l («(T(1)> " • » a a ( n -k), mic [a a („-k+l), «<j(n))) 
fc=2 n ^ ' creS„ 

- 7 rr ^ C — l) |cr| Jfc («(T(l)."-,«(T(n-ifc)) .Afc(fl,7( n _jk + i),-",fl(T(n))]» 
k=2 n{n tj 

which depends only on <j>i, • • • , <j) n _i, m.2, . . . , m n -\ and A 2 , • • • , A n _i. The recursive rela- 
tion implies or is based on the property that the classical limit M n [a i, • • • , a n ) of the 
expression M„ (a 1( ■•■,a n ) belongs toKerQsuch that 

M„(a 1( --- ,a n ) = f{m n {ai,--- ,a n ))-QX n {ai,--- ,a n ), 

where m n (a\,--- ,a n ) := [M n (a\, •••,a n )], and, hence, the expression M n — f(m„) — 
KA„ is divisible by ft. A separate proof of the above assertion is redundant after the- 
orem 1.2 on quantum master equation. Also quantum descendant equation implies 
that 

K<|>i(a) = 0, 

Kt|)2(fli,a2) + (-l) |ail (<t>i(ai),<|)i(«2)) = 0, 



j n— 1 

K<|) w (ai,---,a w ) + ^y^ ^ (-l) l<7 '((t)J:(flo-(i)r--,ao-(i:)),<t , n-J;(flo-(fc+i),---,flo-(n))) =0. 

fc=lo-eS„ 

It should be clear that the recursive definition of = <J>i, 4*2, 4*3^ " " " is nothing but an 
infinite sequence of ft -divisibility conditions of the quantum extension map f with 
respects to the sequence m = m 2 , m 3 , m 4 , • • • of k-multilinear multiplications on H up 
to homotopy. 

We may regard the triple (H[[H]],0,m), where m = m2,ms,m4,---, as a structure of 
super-commutative QFT algebra with zero differential (k = 0) with trivial quantum 
descendant algebra (//[[ft]], 0,0). The BV QFT algebra ( c <r[[ft]],K, •) at the chain level 
is also regarded as an example of super-commutative QFT algebra with a binary prod- 
uct • only and which quantum descendant algebra is a DGIA [[ft]], K,( , )) over 
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k[[ft]]. In general quantum descendant algebra of super-commutative QFT algebra 
shall be an Loo -algebra over k[ [H] ] . Then (J) = <|>i , <|>2 , <|>3, • • • is automatically a morphism 
from the trivial quantum descendant algebra (//[[ft]], 0,0) to the quantum descen- 
dant algebra [[%]], K,( , )) as Loo-algebra over k[[ft]]. 

We say the quantum extension map f a quasi-isomorphism from the QFT algebra 
(H[[n]],0,m) to the QFT algebra K, • ). We, then, we call (j> = <t»i.<t»2,<t>3,"- 

quantum descendant morphism of quasi-isomorphism f as QFT algebra. It also fol- 
lows that the classical limit cp = (py,(p2, 03, ... of quantum descendant morphism <|> = 
<t*i» *t*2> 4*3» * ■ - is a quasi-isomorphism from (H,0,0,) to (^,Q,( , )) as Lqo- algebras over 
k, since (j>\ = f induces an isomorphism on the cohomology H. It should be clear 
that not every Lqo quasi-isomorphism from (Li, 0,0) to (^,Q,( , )) is the classical limit 
of the quantum descendant of quasi-isomorphism as QFT algebra. In case that H is 
finite dimensional for each ghost number, the moduli space Ji defined by the MC 
equation of the DGLA {*€ ,Q,{ , )) is smooth-formal and is equipped with quantum 
coordinates due the Lqo -quasi-isomorphism (j> = <t»i, <t»2, 4*3» " " " descended from the 
quasi-isomorphism f of QFT algebra. 

The quasi-isomorphism f of QFT algebra also determines arbitrary n -point quantum 
correlators of observables via its quantum descendant <|> = <|>i,<i>2,<|»3>"- as follows: 
A partition of the set {l,2,---,n} is a set n — {B\,--- ,B\ n \} of nonempty subsets B k , 
1 < k < \n\ of {1,2, n} such that every element in {1,2, •••,«} is exactly one of these 
subsets. Then n -point quantum correlator of observables a\, •■•,a n is 



n n {a 1 ,---,a n ):= ^ sign(7r)(-ft)" N (()| Bl |(Bi)-(t)| iS2 |(52)---<t ) |iS| ir || (#n) 

n={B ir -,B M } 



where n runs for all partition of the set {1,2, •••,«}, \Bk\ is the size of the set Bu and 
§\ Bk \{B k ) means §\ Bk \ [a h ,--- ,a i]Bk] ) for B k = {iy,--- ,i\B k \}- The sign sign(7i) of n = 
{Bi,--- , B\ n \} is determined as follows: consider the union B\ U---B\ n \ as ordered list 
{7r(l), tt(2), ••• ,7i{n)\, then a sign +1 or —1 can be chosen by comparing ordering of 
the list {a n (y),a n (2),--- ,a K ( n )} with that of the list {ai,fl2» •••»««} such that the sign is 
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compatible with the super-commutativity of the product • and that of <j>fc. For example 

ni(a) = <t>i(fl), 
n 2 (ai, a 2 ) = <t»i(«i) ■ <t>i(«2) - ^<|>2(oi, o 2 ), 
7i 3 {ai,a2,a 3 ) = <|>i(oi) • <t>i(o 2 ) ■ <t>i(«3) 

— /z4>l(ai)-4> 2 («2,«3)— ^4>2(«l.«2)- <t»l(«3)- M-l) |ail|a2 '<l>l(«2)- <t>2(ai,«3) 
+ ^ 2 (|)3(fll,fl2 l «3) l 

et cetera. Then Kn„(fli,- , o n ) = for all n and any a\,--- ,a n e i?. A separate proof of 
the above assertion is redundant after theorem 1.3. One may clearly notice an analogy 
with the relation between n -point correlation function and products of connected 
correlation functions in Feynman path integrals. 

Now an upshot is that quantum correlation functions can be determined certain com- 
putation of classical cohomology. For an arbitrary 2-point quantum correlator n 2 (oi, o 2 ) 
we have (112(01, a 2 )) — (f(m 2 (oi, o 2 ))), thus the quantum expectation value of the ob- 
servable m 2 (oi,o 2 ) e H, which is the classical cohomology class [/(oi)-/(o 2 )] of 
/(^i) - fi a 2)- For an arbitrary 3-point quantum correlator 713(01,02,03), we have 

^2(01,02,03)^ = ^f(w 2 (m 2 (oi,o 2 ),o 3 )^ -^f(m 3 (oi,o 2 ,o 3 )^, 

where m 3 {a\, 02,03) is the classical cohomology class of ^3(01,02,03)]; 

M 3 (oi,o 2 ,o 3 ) 

= ^[0l(Ol)-0 2 (O2, 3 ) + 2 (Ol, 2 ) • 0l(O3) + (-l) |ai " a2l 0l(o 2 )-02(Ol, O3) 

' 3 

1 

~ 3 

We also note that 



- - [02(01, w 2 (o 2 ,o 3 )) + (p 2 [m 2 {a 1 ,a 2 ),a 3 ) +(-l) |ail|a2l 2 (o2, m 2 (oi,o 3 )) j 
i [(0(oi),A 2 (o 2 ,o 3 )) - (A 2 (oi,o 2 ),0i(o 3 )) -(-l) |flll|fl2l (0i(o 2 ), Z 2 (oi,o 3 ))] . 



02(o ; ,o i ) = / 1 '(o / )-/(o ; O + /(o;)-/ (1) (o J O-/ (1 H^2(o i -,o i ))-^WA 2 (o i -,o i ). 
In general 



|n„(fll,-,fl n )j = ^f(p n (oi,"-,o„)^ 
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where p„ is defined recursively as follows 

p„(ai, •••,«„) 
={-n) n ~ 2 m n {ai, ■■■,a n ) 

j n— 1 

+ , _ n ^{-hf~ 2 k{k - l)p n -i-k{m k {a aW , a a {2)), a a (3), — , aa{n)) 

n[H iJ a- k=2 

with the initial condition that p 2 (fl/, ay) = m 2 {ai,af). It follows that it suffice to deter- 
mine f,f^ i ,---,p- n ~ v> to determine m,2,---,m n , thus p2,-",Pn via classical computa- 
tions. 

2. BVQFT Algebra 

In this section we define BV QFT algebra and its descendant DGLA with several ex- 
amples. We begin with recalling some standard algebra notions including DGLA, dif- 
ferential 0-algebra, BV algebra and differential BV algebra before discussing BV QFT 
algebra. 

2.1. Differential 0-algebra, BV and differential BV algebras 

The contents of this subsection are standard, though things may be named differently 
in literature. Fix a ground field k = R, C, . . . of characteristic zero. Every algebra in this 
subsection is defined over k, which may be replaced with a commutative ring. 

Let ^ denote a Z-graded k-module 

ieZ 

We say that a homogeneous element a e c € i carries the ghost number i, and use no- 
tation \a\ for the ghost number of a. The ground field k is assigned to have the ghost 
number 0. Let C^, • ) denote a Z-graded super-commutative associative k-algebra; ^ 
is a Z-graded k-module and the product 
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is a k-bilinear map of ghost number satisfying the super-commutativity 

a-b = {-lj am b-a 

and the associativity 

a-{b-c) = {a-b)-c. 

A cochain complex over k is a pairs , Q) where Q is a k-linear map of ghost number 
1 on into itself, i.e., Q-.'tfi — > 1gj+ l for all;', satisfying Q 2 = 0. 

Definition 2.1. A super-commutative differential Z -graded algebra (CDGA) overt is a 
triple^ ,Q, •) if the pair , •) is aZ-graded super- commutative associativek-algebra, 
the pair{"ia,Q) is a cochain complex overk andQ is a (graded) derivation of the product; 

Q{a ■ b) = (Qa) ■ b + {-Ipa ■ (Qb). 

Definition 2.2. A differential graded O-Lie algebra over k is a triple { c € , Q, {; •)), where 
the pairs , Q) is a cochain complex overk and 

1. the bracket^*, •) : c € kl <g> "ia k2 — > <g' fc i+ fc 2+ 1 isk-bilinear with ghost number 1. 

2. the bracket {;•) is graded-commutative 

{a,b) = -{-lf a \ +l ^ +l \b,a\ 
and is a derivation of the bracket (graded-Jacobi law) 

[a,{b, c)) = {{a, b\ c) + (-ijfl-l+iXW+U^ {a> c)) . 

3. the differential Q is a derivation of the bracket 

Q(a,b) = {Qa,b) + {-l)^ +1 (a,Qb). 

A graded O-Lie algebra is a differential graded O-Lie algebra with zero differential, 
Q = 0. 



Remark 2.1. The bracket in the standard definition of differential graded Lie algebra 
carries the ghost number 0. The differential graded O-Lie algebras have the same prop- 
erties and utilities as differential graded Lie algebras after shifting ghost number by 
1. The standard differential graded Lie algebra shall never appear in this paper and 
whenever we use the term DGLA we refer to a differential graded O-Lie algebra. 
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Definition 2.3. The cohomology ofCDGA or DGLA is the cohomology of the underlying 
cochain complex 

The Maurer-Cartan (MC) equation of a differential O-Lie algebra (DGLA) ,Q, {;•)) 
is the following equation 

for y e l . Let y is a solution. Then the MC equation implies that Q r := Q + [y,*) '■ 
— > satisfies Qj = after using the graded Jacobi-law of the bracket and Q 
being a derivation of the bracket. Also Q r is a derivation of the bracket, which prop- 
erty follows from the graded Jacobi-law. Thus [y , Q r , (•, •)) is also a DGLA. Solutions 
of MC equation comes with a natural notion of gauge equivalence: One can check that 
[f€~ l , (•,•)) is a standard Lie algebra, since the bracket has ghost number 1. This Lie 
algebra acts on y e ^ infinitesimally by y = QA+ (A, j) , which action can be exponen- 
tiated to the gauge group provided that the Lie algebra is nilpotent, 

Definition 2.4. A quadruple (^,Q, •,(•,•)) is a differential 0-algebra over k if (i) the 
triple{ c € ,Q, •) is a CDGA overt, (ii) the triple^ ,Q,{»,»)) is a DGLA overt, and (Hi) 
the bracket is a derivation of the product (graded-Poisson law) 

{a,b-c) = {a,b)-c + (-l/N+^lfo . (a, c). 

A differential Q- algebra with the zero differential Q — is a 0-algebra. 

Our standard example of differential 0-algebra is from so-called classical BV master 
equation; 

Example 2.1. Let { c € , •, (•, •)) be a 0-algebra with an element S e c €° of the ghost num- 
ber satisfying 

(S,S) = 0. 

Define Q := (S,«), which is a k-linear map of ghost number 1 on % to % ', then the 
4-tuple ( C ^,Q, •,(•,•)) is a differential 0-algebra, since (i) the graded-Jacobi law of the 
bracket implies Q is a derivation of the bracket, (ii) the graded-Poisson law implies 
that Q is a derivation of the product, (iii) the condition (S, S) = and the graded-Jacobi 
law implies that Q 2 — 0. 
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Definition 2.5. A BV algebra overk is a triple , •, A), where^,-) is a Z-graded super- 
commutative associative algebra over k and A is k-linear, Ak — 0, operator of ghost 
number \,A: c € k — > c € k+l satisfying A 2 = 0, such that 

1. the BV operator A is not a derivation of the product, which failure is measured by so 
called BV bracket 

(•,•): c £ kl kl — 

by the following formula 

(-l) N (a, b) := A{a-b)-Aa-b- (-l) |fl| a • Ab, 

2. the BV bracket is a derivation of the product (graded- Poisson law) 

{a,b-c) = {a,b)-c + (-ljCW+Wlfc . (a, c), 

Corollary 2.1 . For a BV algebra { C €,-,A) with associated BV bracket {; •), 

1. the pair ,(•,•)) is a gradedO-Lie algebra overk, 

2. A is a derivation of the BV bracket; 

A{a, b) = {Aa,b) + (-l) |fl|+1 (a,^). 

Proof. The proof of the above corollary is standard or may be served as a good exer- 
cise. Here is a sketch of a proof. The graded- commutativity of the BV bracket follows 
from the super-commutativity of the product and the graded-Jacobi identity follows 
from the graded-Poisson law after applying A. Finally A being a derivation of the 
bracket follows by applying A to the defining equation of the BV bracket and use the 
property that A 2 — 0. □ 

Corollary 2.2. Let [f€ ,A, •) be a BV algebra with the associated BV bracket (•,•). Then 
the triple [f€,-, {•, •)) , after forgetting A, is aO-algebra. 

Remark 2.2. We should emphasis that not every 0-algebra is originated from BV alge- 
bra. 

Definition 2.6. A differential BV algebra overk is aA-tuple {% ', A,Q, •) where the triple 
( C €,A,-) is a BV algebra overk and the triple [ c € ,Q,-) is a CDGA overk such thatQA+ 
AQ = 0. 



Algebraic Principles of Quantum Field Theory I 



33 



Corollary 2.3. Let [% ,A,Q, •) be a differential BV algebra with BV bracket {;•) associ- 
ated to the BV algebra ( c & , A, •). ThenQ is a derivation of the BV bracket {;•). 

Proof. For any homogeneous elements a, b G "tf, we have 

{QA + AQ){a-b) = 0. 

Now use the definition of the BV bracket and the property that Q is a derivation of the 
product •. Then use the property QA + AQ — again to deduce that 

Q(a,b) = (Qa,b) + {-lp +1 (a,Qb). 

□ 

Corollary 2.4. Let{ c € ,A,-,Q) be a differential BV algebra with BV bracket {;•) associ- 
ated to the BV algebra A, •)• Then the quadruple^ ,-,(•,•), Q), after forgetting A, is 
a differentials -algebra. 

Remark 2.3. We should emphasis that not every differential 0-algebra is originated 
from differential BV algebra. 

Our standard example of differential BV algebra is from so-called semi-classical BV 
master equation. 

Example 2.2. Let ,A, •) is a BV algebra with associated BV bracket (•,•). For an S e 
^° satisfying 

AS = 0, 
[S,S) = 0, 

define Q := (S,«) : ^ k — > c € k+l . Then {^,A, -,Q := (S,«)) is a differential BV algebra. 
To see this note that, for any a<E c €, 

A{S, a) + {S,Aa) = {AS, a)-{S,Aa) + {S, Aa) = 0, 

using A being a derivation of the bracket and the condition AS = 0. Thus AQ+QA — 0. 
It remains to show that , Q, •) is a CDGA, which follows from (i) the graded-Poisson 
law of the bracket, {S,a- b) = (S, d)-b + (— lj a ^a -{S, b), implies that Q is a derivation of 
the product, (ii) the condition (S,S) = and the super- Jacobi law implies that Q 2 — 0. 
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Remark 2.4. Let { C €,A, ■) is a BV algebra with associated BV bracket (•,•). Then the 
triple { C €,A, (•,•)) is obviously a DGLA. But we shall never be interested in such a 
DGLA since it is irrelevant to our problems. By the way the above DGLA is rather bor- 
ing. Also we shall never be interested in the Zi-cohomology. 

2.2. BVQFT Algebra 

Let { c € , •) be aZ-graded super-commutative and associative unital Ik-algebra with the 
multiplication •. The physical Planck constant 7z will be regarded as a formal parame- 
ter with zero ghost number. Let := <8>kk[[ft]] = ^ © ^ © 7z 2< ^ ©••••We shall 
denote an element of c € [[fl]] by an upright bold letter, i.e., ae^[[/?]], and an element 
of by an italic letter, i.e., a<E%' '. Formal power series expansion of an element a in 
^[[ft]] shall be denoted as follows; 

a=aW + ha^ + H 2 aW + -, 

where aW e <^ for all n = 0,1,2, We shall often denote fl(°) by a. On <#[[&]] there 
is a canonical k[[tl]] -bilinear product induced from % ', which will be denoted by the 
same symbol •; 

oo n 
n=0 j=0 

such that (^[[ft]], •) is aZ-graded super-commutative and associative unital k[[ft]]- 
algebra. The unit in , which is also the unit in ^[[ft]], shall be denoted by 1. In gen- 
eral a k-multilinear map of <t? into ^ canonically induces a k[[ti]] multilinear map 
of ^ [[ft]] into ^ [[ft]], and we shall not distinguish them. We shall often deals with 
certain k[[h\] -linear map in the form L = L<® + ftl/ n + n 2 L^ + ••• on ^[[H]] into it- 
self, where Z/°),Z,M,l/ 2 V" i s an infinite sequence of k-linear maps on c € into itself 
and each increase the ghost number by N. Then we shall often say that L = 
L^+tiL^+fi 2 L^-\ — is a sequence of k-linear maps of ghost number N parametrized 
by ft on ^ into itself. Such the map L = Z/°) + ftZ,M + n 2 L^ + • • • is a k[ [ft]] -linear map 
of ghost number N on ^[[ft]] into itself, and its action on ae ^[[ft]] is 

oo n 

L(a) = ££ft*L("--n(am) 

n=0 j=0 

= L V> + fl (LOJflW + iPa®) + fi 2 (L^a^ + lW» + + • • • . 
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Let Li and L2 be two sequences of of Ik-linear maps of ghost number N\ and A/2, 
respectively, parametrized by ft on into itself. Then the composition L3 = L1L2 
as k[[ft]]-linear maps is a sequence L 3 = + ftL^ H — of k-linear maps of ghost 
number N\ + N 2 on c <g into itself such that 

00 n 
n=0 j=0 

Projection of any structure parametrized by ft on ^[[7?]] to will be called taking 
classical limit. 

Definition 2.7. Let K = Q + HKS^ + ft 2 K^ H — be a sequence of k-linear maps of ghost 
number 1 parametrized by ft on into %' satisfying K 2 = and K 1 = 0. Then the triple 

(*[[»]], K, • ) 

is a BVQFT algebra if the failure ofK being a derivation of the product ■ is divisible by 
ft and the binary operation measuring the failure is a derivation of the product. 

The condition K 2 = says that the infinite sequence Q, K^ 2 \- • ■ of k-linear maps 
on ^ into itself with ghost number 1 satisfy the following infinite sequence of rela- 
tions; 

Q 2 = 0, 

n_1 (2 1) 

QK W + K M Q + K in ~ e ] K ie) = for all n = 1, 2, • • • . 

e=i 

In particular the classical limit Q of K satisfies Q 2 — so that Q) is a cochain com- 
plex. Since the failure of K being a derivation of the product is proportional to ft, it 
follows that Q is a derivation of the product. Thus, the classical limit 

of the BV QFT algebra is a Z -graded super-commutative unital differential graded 
algebra (CDGA) over k. 

On c <o[[ft]], as a k[[h]] -module freely generated by % ', there is a natural automorphism 
group consists of arbitrary sequence g = 1 + g^ft + g^ft 2 H — of k-linear maps of 
ghost number Oon^ into itself parametrized by ft satisfying g|^_ = 1. Such an au- 
tomorphism will act on both the unary operation K and the binary operation • as 
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K — » K' such that K' = gKg -1 and • — > such that = g(g _1 -g _1 ). It is, then, trivial 
that (^[[fa]], K', ■') is also a BV QFT algebra. Note that such automorphisms fix the 
classical limit, i.e., Q = Q' := K']^ and a ■' b = a • b for a, b e . Such an automor- 
phism should be regarded as "gauge symmetry" of quantization procedure, so that the 
resulting two BVQFT algebras (*£[[&]], K, •) and K', •') should be regarded as 

equivalent. Thus we are lead to study BV QFT algebra modulo the "gauge symmetry", 
while our algebraic path integral shall be "gauge invariant". 

Let \ 2 denotes the binary operation, which measures the failure of K being a deriva- 
tion of the product; 

(- l) |a| v 2 (a, b) := K (a b) - Ka b - (- l) |a| a • Kb. 

Then v 2 is a k[[H] ] -bilinear map of ghost number 1 on ^[[ft]] ® ^[[ft]] into ^[[H]]. By 
definition \ 2 is divisible by ft, thus —^2 is also k[[ti]] -bilinear map of ghost number 
1 on ^[[tl]] ® ^[[tl]] into ^[[fr]]. Then, again by definition, both v 2 and -\v 2 is a 
derivation of the product. We note that a BV QFT algebra [f€ [[ti]], K, •) is a BV algebra 
over k[[ft]] with associated BVbracket v 2 . It follows that the triple (^[[ft]], K, \ 2 ) is a 
DGLA over k[[H]]. Also the triple K,-±v 2 ) is another DGLA over k[[H]]. We 

emphasis that not every BV algebra over k[[ft]] is a BV QFT algebra. Here are simple 
examples: 

Example 2.3. Let {?€ , A, ■ ) be a BV algebra over k with associated BV bracket ( , ). Then 

- the triple { c € [[ft]], A, •) is aBV-algebraoverk[[^]] but is not a BVQFT algebra, since 
the failure of A being derivation of the product is not divisible by h, 

- the triple -flA, ■ ) is a BV-algebra over k[[H]] as well as a BV QFT algebra. 

We are not interested in BV algebras over k[[ft]] but in BV QFT algebras. Also we have 
no use of the DGLA (^[[7?]], K, \ 2 ), which is rather boring object. 

Definition 2.8. Let the triple (^[[h]],K, ■) be a BVQFT algebra. Define ak[[fl]] -bilinear 
map{, ):«#[[»]]*» — ► ^[[ft]] k ^ +1 by the formula 

(a, b) := -(- l) |a| i f K (a • b) - Ka • b - (- l) |a| a Kb) . 

ft K ' 

Then we call the triple 

(*[[»]], K,(.,.)) 
the descendant algebra of the the BV QFT algebra ( c <a [[ft]], K, ■ ). 
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Corollary 2.5. The descendant algebra (^[[^]], K, (•,•)) is a DGLA over k[[ft]] and the 
bracket (•, •) is a derivation of the product •; 

1. the operator K is a (graded) derivation of the bracket 

K (a, b) - ( Ka, b) + (- 1 ) |a|+1 (a, Kb) , 

2. the bracket is graded commutative 

( a ,b) = -(-l)^ +1 ^ +1 \b,a), 

3. the bracket is a (graded) derivation of the bracket (the graded Jacobi-identity) 

(a, (b, c)) - ((a, b), c) + (- i)CI«l+iXlb|+i) (b> (a> c))> 

4. the bracket is a (graded) derivation of the product (graded Poisson-law) 

(a, b • c) = (a, b) • c + (- ljM+UMb • (a, c). 

Remark 2.5. We emphasis that the bracket ( , ) is a secondary notion in the definition 
of BV QFT algebra. So we call the triple [[??]], K, (•,•)) the descendantDGIA to the 
BV QFT algebra (^[[ft]], K, • ). We also remark that the bracket ( , ) in general may 
depend on h~; 

(,)=(, f ) +n{,p+n 2 {,)V+-, 

where ( , )^ are k-bilinear maps on <g> into c €. Abusing notation, we shall denote 
the classical limit ( , )(°) of the bracket ( , ) by the same notation ( , ). 

The classical limit [f€ , Q, {; •)) of the descendant DGLA is a DGLA over k. We empha- 
sis that the DGLA [ c € ,Q, (•,•)) has a quantum origin, however the secondary notion 
as it is. Under the natural automorphism group of BV QFT algebra the bracket in its 
descendant DGLA changes as (•,•)' = g(g _1, ,g _1, )> while its classical limit remains 
fixed. 

Remark 2. 6. Not every DGLA over k is a classical limit of the descendant DGLA of a BV 
QFT algebra. 

Corollary 2.6. Let ( c 6 ,Q, •) be the classical limit of a BV QFT algebra. Let {"^ ,Q, (•,•)) 
be the classical limit of the descendant DGLA. Then the quadruple (% ,Q, •,(•,•)) is a 
differential -algebra overt. 
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Remark 2.7. Not every a differential 0-algebra over k is a classical limit of a BV QFT 
algebra and its descendant combined. 

Now consider some examples of BV QFT algebra and its descendant. 

Example 2.4. Let {^€,A, •) be a BV algebra over k with associated BV bracket (•,•). 
Then the triple 

{nmi-tiA,-) 

is a BV QFT algebra with the descendant DGLA 

{nmi-nAi;*)). 

The Maurer-Cartan equation of the descendant DGLA is 

-^S + ^(S,S) = 0, (2.2) 

where S = S+flS ( -^+tl 2 S^+--- e [[^]]°, is precisely the BV quantum master equation 
and which solution is a BV quantum master action. Let S be such a solution. Then 
(2.2) implies that the operator 

-hA + {S,)-.^[[h]]'^^[[h]]' +l 

squares to zero. Then the triple 

{<g[[H]],-HA + (S, ),•) 
is also a BV QFT algebra, which descendant DGLA is 

{v[[n]],-nA+{s, ),(•»•)). 

with the same bracket of the previous one, since the bracket is a derivation of the 
bracket - note that the BV bracket does not depend on h, and (S, ) is a derivation of 
the product. The Maurer-Cartan equation of the above DGLA 

-^r+(s,r)+i(r,r) = o, re<g[[n]]° 

appears to be controlling deformation of QFT, as we mentioned in the introduction. 
But the DGLA is a descendant notion and so is its Maurer-Cartan equation is. 
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Example 2.5. Let { C €,A,Q, •) be a differential BV algebra over k with associated BV 
bracket (•, •). Then the triple 

{<6[[n]],-nA + Q r ) 

is a BV QFT algebra with the descendant DGLA 

{^[[h]],-flA + Q,{;»)). 

The Maurer-Cartan equation of the descendant DGLA is 

-7L4S+QS + ^(S,S) = 0, (2.3) 

where S =S + ftSW + ft 2 s(2) + ... e <^[[fc]]°. Assume that there isasolution S such that 
S=Se^°,i.e., 

AS = 0, 

1 (2.4) 
QS+-(S,S) = 0. 

The above equation is called semi-classical BV master equation. 

Example 2.6. Let [ [H] ] , K, • ) is a BV QFT algebra such that K = Q+HK^\ Let K,(« 
be the descendant DGLA. Then the quadruple (^,-K^\Q, •) is a differential BV al- 
gebra with associated BV bracket (•,•), since 

1. the condition K 2 = implies that Q 2 = QK^ + K^Q = (^ (1) ) 2 = 0, 

2. the condition K(a-b) - Ka- b - (-l)l a la- Kb = -ft(-l)l a l (a,b) implies that Q is a 
derivation of the product and 

-(-l) |fl| (a, b) = K w (a-b)- K w a ■ b + {-Ipa ■ K m b, 

3. the bracket (•, •) is a derivation of the product by definition. 

Remark 2.8. A differential BV algebra A, Q, •) or BV algebra is not a BV QFT alge- 
bra, though we can make one out of it in particular fashion and might be able to ex- 
tract the original. Once constructing a BV QFT algebra [[^]],Q — b,A, •) its natural 
automorphism group send Q - flA to 

Q-n(A-[Q, g«]) - ll 2 {[A, g«] - [Q, g^] + g«Qg« - gWgWQ) + • • • 

so that we certainly do not have a differential BV algebra by extracting coefficients of 
above. 
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Example 2.7. Let [^[[H]], K, •) be a BVQFT algebra with the descendant DGLA 

(tf[[ft]],K,(,)). 

Let ( V, ■') be a Z-graded associative algebra over k. Then (C^®^)!!^]], K, • ) , with abus- 
ing notations, is also a BV QFT algebra, where K means that K ® 1 and the product • 
means that (a® a) • (b <g> P) = (- l)l a ll b la • b ® a •' [i, with the descendant DGLA 

((<<?®V)[[fi]],K,(,)), 

where the bracket ( , )meansthat (a<8>a,b<g>p) = (— ( a , b) ® a • / p. 

3. Observables and Expectation Values/Quantum Complex and Quantum 
Homotopy Invariants 

Throughout this section we consider the cochain complex [[%]], K) and its classical 
limit (^,Q) in a BV QFT algebra K, • ). We denote the cohomology of the 

complex , Q) by H and the cohomology class of an element Oe^ satisfying QO = 
by [O]. The cochain complex (^[[ft]], K) is defined modulo natural automorphism 
g = i + ftgd) + ^ 2 g (2) + ... : «jg>[[fc]] — > <£[[&]], where gW, for I = 1,2,3,-, is a Ik- 
linear map on c € into ^ of ghost number zero, such that it is gauge equivalent to the 
cochain complex (^[[7?]], K' = gKg -1 ). Such automorphism preserves the classical 
parts of both "^[[Tz]] and K, i.e., k|j__ = K / | ? ._ = Q. Thus both the cochain complex 
Q) and its cohomology H are fixed. 

The goal of this section is twofold; we are going to formalize (i) the procedure of con- 
structing observables and (ii) the procedure of evaluating expectation values of ob- 
servables. 

- For the first goal, we are going to build a certain cochain complex (if [[??]], k) on 
:=H"®kk[[7j]], where k = ftfcW + tl 2 K^ H — is a sequence of k-linear maps 
on H into itself parametrized by ft such that k|^ =0 = and k 2 = 0. Together with 
(H[[^]],k), we are going to build certain map f on into c € [[fl]] of ghost num- 

ber zero such that 

1. the k[[^]]-linear map f = f + fifW + ft 2 f& -\ — is a sequence of k-linear maps 
on H into c € parametrized by fl, 
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2. the classical part / of f is a cochain map on {H, 0) into { c € , Q) which induces the 
identity map on the cohomology H, 

3. the k[[h]] -linear map f is a cochain map on (//[[ft]],K) into (^[[ft]], K); 

Kf=fK. 

Both k and f are defined modulo the natural automorphism on //[[ft]]. Also the 
map f shall be defined up to natural notion of quantum homotopy. The map / : 
H — > corresponds to assigning a classical observable to each and every coho- 
mology class in H which exists always. The map f : //[[ft]] — > ^ [[ft]] corresponds 
to an attempt to assign a quantum observable to each and every cohomology class 
in H, which is not away possible. One of our conclusion shall be that a classical 
observable O, that is O e c € and QO = 0, can be extended to a quantum observable 
if and only if k([0]) = 0. 
- For the second goal we are going to examine certain k[[ft]] -linear map c on c ^[[ft]] 
into k[[ft]], where 

1. thek[[ft]]-linear map c = c^ + flc^ + tl 2 c^H — is asequence of k-linear maps 
on H into k parametrized by ft, 

2. the k[[ft]]-linear map c is a cochain map from (^[[ft]], K) into (k[[ft]],0); 

cK = 0, 

which is defined up to a natural notion of quantum homotopy. 
The map c shall correspond to a Batalin-Vilkovisky-Feynman path integral and 
variations of c within a quantum homotopy class correspond to continuous vari- 
ations of gauge fixing condition. Then we shall associate quantum expectation 
value to a classical observable O by cof([0]) e k[[ft]], which depends only on the 
cohomology class of classical observable and is a quantum homotopy invariant 
if and only if k([0]) = 0. In other word the expectation value does not depends 
on continuous variations of gauge fixing condition if the classical observable is 
extendable to a quantum observable. Also the k[[ft]]-linear map cof : //[[ft]] — > 
k[[ft]] is invariant under the automorphism of ^[[ft]]. 

Our formalizations are not against to the lore of QFT but clarifications of them. 
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3.1. Classical to Quantum Observables 

We call a representative Oel of a cohomology class of (^,Q) a classical observable, 
and two classical observables (classical physically) -equivalent if they belong to the 
same cohomology class. Thus the set of equivalence classes of classical observables 
is just the cohomology H of the classical complex {<€ , Q). By a quantum observable O 
we mean a representative of a nontrivial cohomology class of the quantum complex 
(^[[ft]], K). We say two quantum observables are physically equivalent if they belong 
to the same cohomology class of the complex ( c <? [[ft]], K). In this paper we are not 
interested in general quantum observables but in quantum observables which are 
extended from classical observables. 

We say a classical observable O e ^ l°l is extendable to a quantum observable if there 
is an O e ^[[ft]]l°l such that O|^ =0 = O and KO = 0. We call such an element O 
an extension of the classical observable O to a quantum observable. Note that such 
an O does not belong to ImK unless the classical observable O is trivial - assume 
that O = KA and O is nontrivial, then O = QA for A = AL , which is a contradic- 
tion. Let O e c € k is a representative of a cohomology class of (^,Q) which admits 
an extension to quantum observable O. Then any other representative O' e c S k of 
the cohomology class [O] of O also has an extension to a quantum observable O'; let 
O' = O + QA for some A e c € k ~ l , then O' = O + KA is an extension of O' to a quan- 
tum observable - KO' = and O'| ft=0 = O|^ =0 +(KA)| fi=0 = O + QA = O'. Let Oe^ k 
is a representative of a cohomology class of ("ig , Q) and assume that O does not admit 
an extension to quantum observable. Then any other representative O' e ^ k of the 
cohomology class [O] of O also does not admit an extension to quantum observable; 
assume that a classical observable O does not admit an extension to a quantum ob- 
servable while O' = + QX for some A € c £ k ~ l has an extension to a quantum observ- 
able O'. Then = 0'- KA is an extension of O to a quantum observable - KO = 
and 0|^_ Q = / | ft _ Q — (KA)| fi _ Q = O + QA — QA = O, which is a contradiction. Thus the 
existence of extension of a classical observable depends on its classical cohomology 
class. 

So an extension of a classical observable O to quantum observable is an association 
a e H\ a \ to O e t g'[[^]]l a l such that KO = and the classical cohomology class [O] of 
the projection O — 0| fi _ Q of O to ^ is a. We may say two such extensions O and O' of 
a classical observable is equivalent if O' - O = KA for some Ae < ^[[^]]l°l~ 1 . We, how- 
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ever, note that extensions of a classical observable can be much more arbitrary. Here 
is a simple demonstration: Let X and Y be extensions of two classical observables X 
and Y such that [X] y^[Y]. Then both X + ft X and X + fl Y are extensions of X, and all 
three extensions of X are not equivalent. Clearly, there are infinitely many variations 
of above examples with the similar feature. But all of such infinite possible examples 
are silly things to take seriously. 

In the following subsection we are going to develop obstruction theory for extending 
classical observable to quantum observables together with dealing every ambiguity 
in details. The basic strategy is to work with every equivalence class of classical ob- 
servables simultaneously. 

3.2. Obstructions and Ambiguities 

We begin with recalling some elementary terminology from homological algebra. Let 
[V,d v ) and {W, dw) be two cochain complexes over k and let H v and H w denote 
their cohomology. A cochain map / on ( V, dy) into {W, dw) is a degree preserving k- 
linear map / : V — > W, which commutes with the differentials, fdy — dwf- It is 
understood that the map / denotes collectively for every map defined for each de- 
gree, say fj : VJ — > WJ , and it is zero map whenever its source or target is trivial. A 
cochain map / induces a well-defined map on Hy into Hw since it sends Ker dy to 
Ker dw and Im dy to Im dw- A cochain map is called quasi-isomorphism if it induces 
an isomorphism between the cohomologies. There is an obvious way of constructing 
a cochain map / from arbitrary k-linear map 5 : V* — > W~ l of degree —1 by the 
formula / = sdy + dws. Such a cochain map is called homotopic to zero and de- 
noted by / ~ 0. It is clear that a cochain map / ~ vanishes on cohomology. We say 
two cochain maps / and /' are homotopic and denote / ~ /' if /' - / ~ 0. Cochain 
homotopy is an equivalence relation and the equivalence class of a cochain map is 
called homotopy type of the cochain map. Whenever we consider a cochain map it is 
understood to be defined up to homotopy. 

Let a be an element of the cohomology H of the complex ,Q). We say an element 
O e ^1"! a representative of a if QO — and the cohomology class [O] of O is a. It 
follows that such a choice of representative is defined modulo Q-exact term. Choosing 
a representative for each and every element in the cohomology H of , Q) such that 
k-linearity is preserved defines a cochain map / : H — > ^ from the cochain complex 
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{H,0) with zero differential to ,Q), i.e., Qf = 0, which induces an isomorphism of 
the cohomology since H is the own cohomology of (H, 0) as well as the cohomology of 
, Q). Thus / is a quasi-isomorphism. Furthermore the induced isomorphism on H 
must be the identity map since [/(a)] = a for every aeHby definition. The ambiguity 
in choosing representatives corresponds to homotopy of the cochain map /: Let /' = 
/ + Qs, where 5 is a Ik-linear map 5 : H' — > c €'~ l of ghost number —1. Then Qf = 
and /' also induces the identity map on the cohomology H, since Q vanishes on H. 
Thus the map / is unique up to homotopy. 

Remark 3.1. Let y e (Ker Q n , i.e., y has the ghost number \y\ and satisfies Qy — 0. 
By taking cohomology class of y we have [y] e H\r\ . Then apply the map / to [y] to 
obtain an element /( [y] ) in <g\r\ satisfying Qf{[y]) = 0. Since [/([r])] = [r}> it 
follows that y = / ( [y] ) + Qfi for some /3 e •g'M -1 . Now consider any Ik-linear map 
g : H* — > < ^ ,+ lgl which image belongs to Ker Q. Such a map can be identified with 
composition of a linear map % : H* — > fZ*+lsl with the map / : H* — > c €* up to homo- 
topy; 

g-fZ = Qri, 

for some Ik-linear map r\ : H' — > < g" + l?l~ 1 . The linear map E, : H' — > H' + ^\ can be 
constructed by taking the homotopy type of the map g. To be more explicit consider 
any a e H and its image g(a) of the map g : — > ^M+lsl so that Qg(fl) = 0. By 
taking the cohomology class of g{a) we obtain [g{a)] € .f/W+lsl. Doing this for each 
and every elements in H defines a linear map E, : H* — > H' + ^\ such that E,{a) :— 
[g(fl)] • We may simply say that E, is the cohomology class [g] of g. Now we compose 
% with / to obtain : H* — > ^* + I^L Since / is a map choosing a representative of 
each and every cohomology class, it follow that and g{a) belongs to the same 

cohomology class. 

The differential in [H, 0) is induced from the differential Q in , Q) and is zero since 
H is the Q-cohomology. The cohomology H of the complex {%' ,Q) has more structure 
induced from the cochain complex { c € [[tl\], K), which is, modulo its natural automor- 
phism, nothing but an infinite sequence Q,K^\K^ 2 \--- of Ik-linear maps on c € into 
itself with ghost number 1 satisfying the following infinite sequence of relations; 

Q 2 = 0, 

QK^ + K (n) Q + ^ K [n ~ i} K m = for all = 1, 2, • • • . 
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On H the differential Q vanishes, while the Ik-linear maps K^ 2 \- • • on ^ shall in- 
duce certain infinite sequence k^ 1 \ k^ 2 \ • • • of Ik-linear maps on H into itself with ghost 
number 1. It is natural to expect that such the sequence k-W, k^ 2 \ ■■■of k-linear maps 
may satisfy the following infinite sequence of relations; 

n-l 

^ K (n-i) K (i) = o for all w = 1, 2, • • • . (3.2) 

l=i 

It is also natural to consider the expression k := ft?cW + fi 2 K^ H — , the sequence 
K-(i) )K -(2K.. of k-linear maps on H into H parametrized by ft, and //[[ft]] :— //®fck[[ft]] 
so that k is a k[ [ft]] -linear map on //[[ft]] into //[[ft]] with ghost number 1. Then the 
expected relations in (3.2) is summarized by k 2 = and k|^ =q = 0, so that (//[[ft]], k) is 
a cochain complex over k[[ft]] with the classical limit (//, 0). There is natural automor- 
phism on //[[ft]] generated by an arbitrary infinite sequence ^ = 1 + ft^ 1 ) + ft£( 2 ) H — 
of k-linear maps, parametrized by ft, on H into H with ghost number satisfying 
*i|ft = o = 1- S° it is also natural to expect that k := ft/cM + ft 2 fc( 2 ) -| — is defined up 
the gauge symmetry k' = <^ _1 k^. Then, jfM must be invariant, k'^ is sent to fc'( 2 ' = 

Now we are going to construct k = ftfcW + H 2 k^ H — and morphism f = / + ft/W + 
% 2 f{2) -| — : //[[ft]] — » c £ [[ft]] satisfying Kf = fn with taking care of all ambiguities. 
Our construction and proof is inductive using the identification 

k[[ft]] = lim(k[ft]/ft' I k[ft]) asn^oo. 

To see the leading part of it, we write down first two leading terms for the condition 
K 2 = mod ft 2 ; 

Q 2 = 0, 

m m M 
QK w + K w Q = 0. 

The second relation in (3.3) implies that induces unique k-linear map of ghost 
number 1 on H into itself; 

since sends Ker Q to Ker Q and Im Q to Im Q; (i) let t] e Ker Q, Qr/ = 0, then 
ZCM(r7) e Ker Q since QK^ri = -K^Qri = 0, (ii) let rj e Im Q, that is rj = QA, then 
KW{ri) e ImQ since K^rj = K«QA = -QJX«A). 

Now we consider the role of /. It is easy to show that K^f — //cM e Ker Q, since 
Q{KWf) = -KW{Qf) = and Qf = 0. It can be also shown that (JC«/ - c ImQ 
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using a contradiction. Assume that for anaeff there exists some b e H l+l with bj^O 
such that 

[K^f-fK^){a) = f(b)-QX, 

with some Ae^'. We take the cohomology class in the both hand sides of the above to 
get -/«•«)(«)] = [fib)] , which implies that - Jc m (a) = b since = 

and / is the identity map on H. Then b must be zero, which is a contradiction. 
Now may declare a solution A of {K^f - fK^)(a) = — QA for each and every aeHas 
the image f^\a) of another map /M ; H* — > •, so that we have 

K W f _ fK W = _ Q fi)_ (3 . 4) 

Define f := / + ft/W mod b 2 and k := Hk^ mod b 2 . Then we have Kf = fK mod b 2 
and k 2 = mod H 2 , which summarize 

Qf=o, 

^ f+ QfV = f K U. (3 ' 5) 

We should emphasis that k | %=q — 0, and, thus the condition k 2 = m od b 2 is vacuous. 

Now we should examine possible ambiguity in the above procedure. First of all the 
map / : H* — > c €* is defined up to homotopy i.e., modulo Im Q. Let /' be a map 
defined by another choice of representative for each and every element in H. Then 

f = f + Qs {0 \ 

for some arbitrary Ik-linear map : H' — > t €*~ x . Secondly /M in (3.4) is defined 
modulo Ker Q. To deal with such ambiguity, let's first repeat the same procedure as 
above using the map f = f + Qs^ instead of /. We shall end up 

Qf = o, 

where /'W is a Ik-linear map on H to c € defined modulo Ker Q and jc'W = ?cW. Rewrit- 
ing the 2nd equation above, by substituting f = f + Qs^°\ as follows; 

f K W = -Qs^kM _ QK W f + KWf+QfW, 
where we have used K^Q — -QK^, we can compare with (3.5) to conclude that 

Qw m = 0, 
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where 



w 



(i) 



._ Aiy _ y(i) _ K w f _ s (o) K w_ 



So we may have some controls of ambiguity; m/M could be an arbitrary Ik-linear map 
on H into of ghost number zero, but its image is contained in Ker Q n c ia. By taking 
cohomology class of w^\a) for each and every a e H, we obtain a k-linear map on H 
into itself; 

where ^\a) = [ w M(a)] for each and every aeH. Note that £M is also arbitrary. Now 
we compose ^ with / to get a k-linear map /£W : H — > ^ . Since / is a map choos- 
ing a representative for each and every a e H, we know that [/£«(«)] = [w m (a)]. 
Thus 



for some k-linear map on K into ^ of ghost number zero. Combining with the 
definition of u/« we have /'« - /« + /£« + Qs (1) + /C«s(°) + s^k-M. 

Now we collect everything together to have the following general forms; 



f = f+Qs<®, 
fW = f m + f gu + Qs w + K w s (o) + s m K w 



K w = K w, 1 ; ' ; ; (3.7) 



The whole things can be written in more suggestive way. Once we define I- := 1 + 
tl^ mod fi 2 , the relations in (3.7) is 

k' = £ -1 k£ mod 7z 2 , 

(3.8) 

f ^^+Ks + sk' mod ft 2 . 

It is obvious that k' 2 = mod fl 2 and Kf = f k' mod fl 2 , which summarize (3.6). Thus 
every arbitrariness represented by | mod h 2 is from the natural automorphism on 
H[[tl]] modulo ft 2 . 

Now we consider the problem of a classical observable O to a quantum observable. 
Note that /'([O]) = /([0])+QsW([0]) with arbitrary s(°) belongs to the same Q-cohomology 
class of O and gives every possible representative of the class by variations of s®\ Also 
K^O and K^f'{[0]) belongs to the same Q-cohomology class, which is k^ 1 \[0]) e H; 



[ K mo] = [KWn[0])]=K^\[0]). 
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But the classical observable O is extendable to quantum observable modulo ft 2 if and 
only if K^O is Q-exact, i.e., iC«0 = -QO w for some 0« so that O := + ftO m satis- 
fiesKO =0 mod ft 2 . Thus the necessary and sufficient condition for that is k^\[0]) = 
0. Assuming so, f([0]) = f (<^([0])) + Ks([0]) mod ft 2 gives every possible extension by 
variations of s mod ti 2 and ^ mod ft 2 . 

For the next order, we consider the following map; 

g m~ K m f+K m f m- f m K m 

on H into of ghost number 1. We claim that 

which is a consequence of Kf = fk mod ft 2 and K 2 = mod ft 3 . By taking the Q- 
cohomology class to the above relation we have [/jcWk-W] = 0, which implies that 

since / induces the identity map on H. It, then, follows that Qg^ — 0. Thus the image 
of the map g^ : H* — > is contained in Ker Q. By taking the Q-cohomology class 
of g( 2 ) we obtain a Ik-linear map : H' — > H' +1 . Composing it with / : H* — > C\ 
we have the map /k^ 2 ) : H* — » c €* +l , which belongs to the same cohomology class of 
gP). Thus 

g m = f K m_Qf{2) (3.9) 

for some k-linear map on H into of ghost number 0, which is defined modulo 
KerQ. (3.9). Combined with the definition of g&\ (3.9) gives 

K (2) f + K m f m + Qf m = fK m + f m K (i) 

Now we define f:=f+ftf^ + ft 2 mod ft 3 andK:—ftK^ + ft 2 K^ mod ft 3 . Then we 
have K f = f k mod ft 3 and k 2 = mod ft 3 , which summarize 

Q/ = o, 

fc«fc« = 0, K^f + Qf^ = fK^\ (3.10) 

K (2) f + K m f w + Qf m = fK m + f w K w_ 

We also consider the ambiguities from the previous steps (3.7). Let 

g./(2) ._ K m p + K (i) _ fm K m 
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After a direct computation we obtain 

g'(2) =g (2) _ Q ( /D^U) + K W S W + K (2) s (0) + s (iy 1)) 

+f [ K w^-^ K w). (3 ' 11} 

It follows that Qg'P) = since Qg^ = and Q/ = 0. Thus we have 

K >{2) ._ j-g./(2) j _ ^(2) + ^(1)^(1) _ ^(1)^(1) 

and 

g <2) = / / K /(2)_ Q/ /(2) (312) 
for some f'^ defined modulo Ker Q. 

Now we want to compare f'^ with f&\ We begin with rewriting (3.12) as follows; 
- /jc® + / (jc^ - - Q (/ /(2) - s (0 V 2 ) . 

while we recall that 

Since both equations above contain the same term /k^ 2 \ we have 

gV) _ f ^(D ? (D _ + Q ( ^2) _ s (0 )je «j = g (2) + Q/ (2) 

Now we use the relation (3.11) to conclude that Qw ^ — 0, where 

w (.2) f{2) _ /( 2) _ ^(1)^(1) + K W S (1) + K (2) s (0) + s (l) K W + S [0) K K2) j 

Then by taking cohomology we have a k-linear map [wA 2 )] : H' — > H', which is an 
arbitrary k-linear map. So we introduce a new "ghost variable" ^ : H* — > H* for the 
arbitrariness. Then we have = + Qs^ for some k-linear map on H into 
^ of ghost number 0. Finally we have 

f ( 2 ) = /2) + f^2) + + Q S (2) + ^(D s (l) + ^(2) s (0) + g W K W + s m K V) 

Now we denote s = s^ + Hs^ + ^s^ mod ti 3 and | = l + ft£W + ft 2 £( 2 ) mod ft 3 . Then 
every ambiguity is summarized by 

k' = ^ _1 k^ mod ti 3 , 
f = K ) + Ks + sk / mod H 3 , 
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and we have k' 2 = mod ft 3 and Kf = kT mod ft 3 . Thus every arbitrariness repre- 
sented by | mod ft 3 is from the natural automorphism on modulo fl 3 . Also a 
classical observable O is extendable to a quantum observable modulo ft 3 if and only 
if k([0]) = mod fl 3 and f([0]) - f(%{[0])) + Ks([0]) mod ft 3 gives every possible 
extension by variations of s mod ft 3 and !j mod fo 3 . 

It is clear what to expect in general. 

Theorem 3.1. Le?/ foe a cochain map from [H,0] to (^,Q) which induces the identity 
map on the cohomology H. On H[[fl]] := H ®k k[[?z]], modulo its natural automor- 
phism, 

1. there is a uniquek[[h~]] -linear map k = Hk^+Ti 2 k^-\ — into itself of ghost number 
zero, which is induced from an infinite sequence 0, k^ 2 \- ■ ■ of k-linear maps on 
H into H parametrized by h, satisfying k 2 = and kL =q = 0, 

2. there is ak[[ft]]-linear mapi= f +ftf^> + ft 2 f^ -\ — into "H? [[ft]] itself of ghost num- 
ber zero, which is induced from an infinite sequence f , f^\ f^ 2 \ - ■ ■ of k-linear maps 
on H into c £ parametrized by h, satisfying i\ n=0 = f, Kf = fK and being defined up 
to "quantum homotopy"; 

f~f = f+Ks + SK, 

where s = s^ + fts^ + ft 2 s^ H — is an arbitrary sequence of k-linear maps of ghost 
number -I, parametrized by ft, on H into . 

Remark 3.2. The "quantum homotopy" relation f~f = f + Ks + sk modulo h is / ~ 
f = f+Q s®) since k = mod ft. Thus it reduce to homotopy equivalence of cochain 
maps from {H,0) to { c <§ ,Q). 

Remark 3.3. The natural automorphism on H[[fo]] is an arbitrary sequence ^ = 1 + 
ft^ + ft 2 ^ H — of k-linear maps, parametrized by ft, on H into itself of ghost num- 
ber satisfying \ \ n=0 — 1. Such an automorphism fixes H and sends k to <^ _1 k I- and 
f to f^, since k : H[[ft]] — > H[[ft]] and f : H[[ft]] — » Note that every automor- 

phism fixes / as well as jcM, since k|^ =q = 0. An automorphism ^ = l + ft^ + ft^ 2 ">-\ — 
sends, for examples, 

K (2)^ K (2) + K W^)_^) K W > 
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Our proof of the above theorem is based an induction and relies on the following 
mouthy lemma: 

Lemma 3.1. Let\ := 1 + + h 2 ^ H — bean arbitrary infinite sequence of k-linear 
maps, parametrized by H, on H into H of ghost number such that^ n=Q — 1. Let f be a 
cochain map from {H,0) to ,Q) which induces the identity map on the cohomology 
H. 

Fix n>\. Assume that there is a sequence 

K~hK w + h 2 K (2) + ~- + hK (n) mod h n+l , 

of k-linear maps, parametrized by H such that k\ h=0 = 0, onH into H of ghost number 
1 and a sequence 

f~f + nfW + ... + H n f in) mod h n+1 , 
of k-linear maps, parametrized by h, on H into of ghost number such that 

1. k mod h n+l satisfies k 2 = mod h n+1 and is defined uniquely modulo an action 
of S> such that 

k'^ 1 ^ mod h n+1 

2. f mod h~ n+l satisfies Kf = fk mod fl { - n+l ^ and is defined up to "quantum homotopy" 
modulo an action of £> such that 

f = f^+Ks + SK / mod h n+l 

where s = s^ + hs^ H 1- h n s^ mod h~ n+1 is an arbitrary sequence of k-linear 

maps, parametrized by h, onH into^ of ghost number —I 

Then there is a sequence 

K~hK {l) + h 2 K (2) + ~- + h n K (n) + h n+l K {n+l) mod h n+z , 
of k-linear maps, parametrized by h, on H into H of ghost number 1 and a sequence 

f--f + HfW + - + H n f n) + H n+l f n+1) mod h n+2 , 
of k-linear maps, parametrized by h, on H into of ghost number such that 
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1. k = k mod ti n+l , audit satisfies^ 2 = mod ft n+z and is defined uniquely modulo 
an action of £> such that 

k' = %~ 1 k% mod ft n+2 

2. f=f mod h n+l , audi mod ft n+l satisfies Kf = fie mod ft^ 2 ^ and is defined up to 
"quantum homotopy" modulo an action of^ such that 

? = f % + Ks+sk' mod H n+2 

where s-s^ + hs {1 U h ft n s M + n {n+l) s (n+v > mod ft n+2 is an arbitrary sequence 

ofk-linearmaps, parametrized by ft , onH into^ of ghost number - I. 

Remark 3.4. It is clear that k' 2 = mod ft n+l is implied by k 2 = mod h^ n+1 \ Also 
Kf = fn mod tfi n+v> implies that Kf = f k' mod h^ n+Vi ; by a direct computation we 
have 

Kf-f K'-Kf^-f^K'-Kf^-fK^O. 

A proof the above lemma is equivalent to a proof of our theorem since we have al- 
ready shown that the assumption is true for n — 1, (we also did it for n — 2 as a quick 
demonstration). Then we take the limit n — > oo. 

So it remains to prove the lemma. Our proof relies on the following two propositions, 
which shall be proved later: 

Proposition 3.1. Letg^ n+V > be the k-linear map on H into c € of ghost number I defined 
by the formula 

n n 
g {n+l) ._ K {n+1) f + S^ K [n+l-£) jffl _^j{l) K (n+l-t) _ 

1=1 1=1 

Then 

n 

Q g (n+1) _ _^f K (n+l-e) K {e)_ 
1=1 

Proposition 3.2. Letg'^ n+V > be the k-linear map on H into c € of ghost number I defined 
by the formula 

n n 
gKn+l) ._ K (n+l) y/ + ^ K (n+l-l) jrffl _ ^^/(fl K /(n+W )_ 

1=1 1=1 
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Then 

( n n n \ 

^ f(n+\-l)£{l) + ^ K (n+l-t) s (i) + ^ s (n+l-l) K m 
i=\ e=o i=\ J 

Proof. From proposition l3. 1 I we have 

i=\ 

for any a e H. By taking the Q-cohomology class for the both hand sides of the above 
we have 

It follows that 

since / induces the identity map on H, [/(£>)] = b for any b e H. Since the above 
identity is true for each and every element in H, it implies that 

5y» +1 -OjcW = 0. (3.13) 

1=1 

It also follows that 

Qg(«+1)= . 

Thus the image of g(" +1 ) : if* — > <rg" +1 is contained in Ker Q n ^ . By taking the coho- 
mology class of for each a^Hwe obtain a Ik-linear map 

— >H ,+ \ 

which is defined by 

for each and every a e i?. By composing fc(" +1 ) with /, we have a Ik-linear map 
/jcC»+D : h* — > <g"+ 1 , such that [/ (fc ( " +1) (a))] = [g ( " +1) (a)] for every aefl. Thus 
there is some Ik-linear map : H' — > of ghost number such that 

g {n+l) = fK (n+l)_ Qf (n+l) i (3 J4) 
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where is defined modulo Ker Q. Then, after using the definition of g(" +1 ) in 

proposition l3.H we have 

K ln+l) f + ^ K {n+l-l) f {l) + Qf (n+1) = £ f (t) K (n+l-l) + /?f (3J5) 
1=1 1=1 

Using K^ n+V> and we can extend both k mod H n+1 and f mod fi n+1 to the next 

level k mod fl n+2 and f mod H n+2 as follows 



K:=^V K W + ^ n+ V" + « morf H n+2 , 
i=\ 

n 

f:=f + Y i K n f {n] + rt n+1) f n+1) mod tl 



l=\ 

It is obvious that k = k mod ti n+1 and f = f mod H n+ . Then the assumption that 
k 2 = mod fi n+1 together with the identity (3.13) implies that 

k 2 = mod H n+2 . 

Also the assumption that Kf=fn mod ti n+v> together with the relation (3.15) implies 
that 

Kf =?k mod n (n+2) . 

Now we deal with every ambiguity in the above extension. For this, we dully repeat 
the similar procedure with f mod U n+l and k' mod h n+l with a twist. Let's first recall 
the identity in proposition |3.2| 



if) 



gtn+l) _ g {n+l) = - Q j V +^ K (n+l-t) s (() + ^ s (n+l-l) K /\ 

\l=l t=0 1=1 J 

+/(r 1 ^r i) > 

which implies that Qg'(" +1 ) = since Qg(" +1 ) = as seen previously and Q 2 = Qf = 
0. Thus the image of g'("+V : H* — > is contained in Ker Qn c £. By taking the 
cohomology class of g'^ n+1 \a) for each a^Hwe obtain a Ik-linear map 

K >(n+1) . H . ^ H .+l 

defined by K^ n+1 \d):= [g /( " +1) (a)] for each and every a e H. Then Claim (2) implies 
that 

[g^\a]\ = [g^\a)] + [f{{^f +1 \a)J 
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for each and every a^H. Thus we obtain that 

K^ = K^+^- l K^) [n+1 \ (3.16) 

By composing fc / (" +1 ) with /', we have a Ik-linear map f'K ,( ~ n+1 ^ : H* — > such 
that [/'(V(" +1 )(a))] = [g^+^fa)] for every a^H. Thus there is some Ik-linear map 
ftn+i) . H - — , <g>. f ghost number such that 

g>(n+i) _ _ Q^/(n+l) (3.17) 

where f'( n+l ) is defined modulo Ker Q. Now we want to compare (3.17) with (3.14). We 
begin with rewriting (3.17) as follows; 

g'(n+l) _ f' K Kn+l) _ Qf(n+\) 

= fK in + l) + f (§-l K §) (,,+1) - Q ( f'W - S (0)^»+D) , 

where we have used /' = f + Qs^ and the relation (3.16) between and k^" +1 \ 

Then we write the above equation as follows 

fK (n + l) = g /(n + l) _ f ^-1 K ^ (»+D _ q ( //( 2) _ s (0)^»+l) j ( 

while, from (3.14), we also have 

f K {n+l) _ _ Q^(«+l)_ 

Thus we obtain the following equality; 

We, then, use Claim (2) to conclude that 

Qm/ (b+1) = 0, 

where 

w (n+l) . = ^/(n+l) _ _ s (0) R ./(n+l) 

_ ^ ( + K (n+l-e) s (t) + s (n+l-l) K W^ _ 
£=0 

Then by taking cohomology we have a Ik-linear map : H' — > H', which is an 

arbitrary k-linear map. So we introduce a new "ghost variable" : H* — > H' for 

the arbitrariness. Then we have 



w 



(n+l) _ ^(n+l) + Q s (n+l) 
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for some Ik-linear map on H into % of ghost number 0. Finally we use the defi- 
nition of w to conclude that 

ji{n+X) _j(n+\) + s (0) K '(n+l) + fgn+l) + Qgin+l) 

( n n n \ 

^j*n+l-t)gl) + ^ K {n+\-l) s (l) + ^ s (n+l-l) K r(l) 
i=\ e=o i=\ J 

In more tidier form, we have 



1=1 



(3.18) 



Using fc't"" 1 " 1 ) and f'( n+v > we extend both k' mod ft n+1 and f mod fl n+1 to the next 
level k' mod fr n+2 and?' mod H n+2 as follows 



k' : = ^% n K W + n {n+l) K* n+ V mod H n+2 , 

n 

?:=/' + + mod w 



t=\ 

n 

,i j -r ,i j muiA, , 

1=1 

Then the assumption that k' = <^ -1 k ^ mod H n+1 together with the relation (3.16) im- 
plies that 

k'-^k^ mod H n+2 . 

Also the assumption that f = f^+Ks+SK' mod H n+1 together with the relation (3.18) 
implies that 

T = fg + Ks + SK / mod h n+2 , 
where s = sW + 1lsW + --- + tl n sW + n in+1] s( n +V mod h n+2 . 

Thus our proof shall be complete once we prove the two claims we have made. □. 

Corollary 3.1. Let O be a classical observable. Then O can be extended to a quantum 
observable O ifandonlyifn{[0]) = 0, i.e., k^{[0]) = for all £ = 1,2,—. Let k([0]) = 0. 
Then f([0]) is the extension of the classical observable modulo "quantum homotopy", 
i.e., modulo K-exact term. 
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3.2.1. Proofs of Claims (1) and (2) 

Claim (1). Let be the Ik-linear map on H into c € of ghost number 1 defined by 

the formula 

n n 
g (n+l) ._ K {n+l)f + ^ K (n+l-i) _^y#) Jf (/i+l-« 

1=1 1=1 

Then 

n 

Q g (n+1) _ _^f K (n+l-l) K {l)_ 
1=1 

Proof. It is convenient to denote / = so that 

n n 
g (n+l) = ^ K (n+l-() _^f(t) K (n+l-l) _ 

(=0 1=1 

Applying Q to above, we have 

n n 
Q g (n+1) = ^Q K (n+l-t) jil) _ ^Qjtt) K [n+l-t) 

(=0 1=1 
n+\ n I 

= ^q K (0 jin+i-e) -^^T {-K {j) f e -i) + f e -rt K {j) ) K [n+l ~ l) 

l.=l 1=1 ;'=l 

n+lf t-1 \ n I ^ 3J9 ) 

t=\ \ j=i J e=ij=i 

n I 

t=i j=\ 

where (i) for the 2-nd equality we used a re-summation and the assumption Kf = 
fn mod h~ n+1 , which implies that 

Q/ (0) = o, 

QfiO^i-K^f^ + f-^), £ = l,-,n. ( ' ' 

i=i 

(ii) for the 3rd equality we used the condition K 2 = modulo h~ n+2 , which implies that 

QK d) = _ K (0 Q _ g K (M) K U) > e = l,-,n + l. 
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Now consider the first two terms after the last equality in (3.19). After a re-summation 
we have 

n+1 t n I 

e=ij=i e=ij=i 



1+1- 



f J ^ 



y 1=1 1=1 j 



where the last equality is due to (3.20). Thus we obtain that 

n l 

Qgln+l) _ _^^f((-j) K U) K (n+l-e)_ 

e=ij=i 

After a re-summation we have 

n f j'-i A n 

Q g (n+l) = _^jin+l-j) ^ K U-t) K (l) _ f(0)^ K (n+l-l) K (l)_ 

j=i ye=i J 1=1 

Finally we use the assumption that kk = mod H n+1 , which implies that 

Y iK U-O K V) = ,j = i,2,.:,n, 

l=i 

to prove the claim that 

n 

Qgin+1) = _f(0)^ K (n+l-e) K (() 
1=1 

n 



1=1 

□ 



Claim (2). Let g^ n+v > be the Ik-linear map on H into c € of ghost number 1 defined by 
the formula 

n n 
gKn+1) .- K (n+1) ji + S^ K {n+l-e) _^^{l) K '{n-\ 



i+l-l 

I ft. 

1=1 1=1 



Then 



\e=i e=o i=i j 

+/(r 1 <T 1) 



Algebraic Principles of Quantum Field Theory I 59 

Proof. Recall that, from the assumptions of Lemma, 

K' = %- l K%mod h n+l 

and 

f-f^+Ks + SK' mod fl n+1 
where \ = 1 + Tl^ + tl 2 ^ H — . The expansion of <^ _1 shall be denoted by 

Then, the identity = 1 implies that 

|(1) = _£(1) ( 

(3.21) 



|m^_^ ? u)^-i)_^) for£>1 . 



Now we consider the expression x K^y" +1 \ which can be dully expanded as fol- 
lows; 

n n n—l n—l 

f=l f=l l=\ j=l 

Also, for 1 < £ < n — 2, we have 

n-l 

K '(n+l-t) =K (n+l-t) + ^ K (n+l-e-j)^(j) 
7=1 

n-l n-l-l n-t-j 

+ ^^U) K (.n+l-e-]) + ^ ^ ?c (n+l-f-i-()^(0 | 

;=1 ;=1 i=l 

while 

^2) = Jf (2) + K (l) ? (l)_ ? (l )?fm) 



Using (3.21), we have 



f=i l=\ l=i j=\ 

n l-l n-lt-1 n—l 

£=2 ;'=! f=2 /=! ;'=! 
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After re-summations of the last two terms in the right hand side of the above, we have 



n— 1 n- 



1=1 i=\ i=\ j=\ 

n-l n-e n-2 n-l-l n-t-j 

_^^)^|(;) K .(n+i-^-;)_^^m ^ |0') ^ ^-m-/-;^ 

£=1 j=l £=1 j=l i=l 

Comparing above with the definitions of K /( - n+1 ~ e for 1 < I < n, we obtain the following 
identity; 



[^K^y^^K^ 1 -^-^^^ 1 -^ (3.22) 

l=\ l=\ 

After the similar manipulations we also obtain 



n-l 



K Kn + i-e) = K (n+i-e) + Y iK (n+i-M)£U)_Y i Z U) K' {n+1 - M) for 1 <£ < n - 1, 



(3.23) 



K >w = K m. 



We also note that 



f = f + Qs m , 
forl<£<n. 

From the definitions of g'(" +1 ) and we have 

n 

g'i.n+l) _ g (n+l) =K (n+l) ^' _ ^ + ^ K (n+l-l) ^ ^(i) _ j^i) j 

£=1 

_ ^ ^/(fl K /(n+l-^ + ^ f / W K W > 



(3.24) 



^=1 £=i 
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which leads, after substituting /' and f'W using (3.24), to the following complicated 
formula; 



n I 



g '(n+\) _ g (n+l) =K (n+l)Q s (0) + ^ K (n+l-e)Q s (() + ^^ K (n+l-() K (j) s ((-n 

1=1 1=1 7=1 

n n I 



i=l 
n 



1=1 7=1 



1=1 



1=1 



1=1 7=1 



_^^ K {n+i-e) s {i-j) K 'U)_^^ K U) s W-J) K '(.n+i-e) 

1=1 7=1 1=1 7=1 



ST^ s {t-j) K >U) K '(n+i-e) 

1=1 7=1 



1=1 1=1 

We examine the right hand side of the above equality line by line: 
1. The 1st line: After a re-summation of the last term we have 



(3.25) 



n-l 



( 



e=o 



n-l 



K (n+1)Q S (Q) + ^ K [n+l-i)Q + ^ K (n+l-l-i) K (i) 



7=1 



Using the identity K 2 = 0, which implies that 



n-l 



K (n+i-t)Q + ^ K (n+i-t-j) K U) = -Q K n+1 - f for 1 < t < n - 1, 
7=1 

K^ n+ ^Q = -Q]<< n+1 \ 



we have 



e=o 

2. The 2-nd line: After a re-summation of the last term we have 



n-l 



K {l)f£n) + ^ K (n+l-()f + ^ K (n+l-(-j)jr(j) gfi 



t=\ 
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Using the assumption Kf = fn mod fi n+1 , which implies that 

K w f = _ Qf m + fK m > 



and, fori <£<n-l, 

n-l 



K (n+\-l) / + ^ j^n+l-e-j) + q jin+l-i) _ ^(n+l-l) + ^ f(j) K (n+l-l-j) ^ 



we have 



n— 1 rc- 



1=1 1=1 1=1 j=\ 

3. The 3rd line: After a re-summation of the last term we have 

~^f {{) (K /{n+1 ~ () - K ( n + 1 - i ^-^^f e ^U) K '(n+l-t-j) > 
1=1 1=1 ;'=l 

which can be re-grouped as follows 

n-l 



f n-l ^ 

' 1 , 



Now we use the identities in (3.23) to have 

1=1 j=l 

Note that 13 cancels the last term of L2; 

L2 + L3 = -Q^ f.»+i-t)gt) + fj^ K (n+i-l)^ 
l=\ l=i 

4. The 4-th line: The two terms cancel each others; 

14 = 0. 

5. The 5-th line: After a re-summation we have 

n-l f n-l \ 



1=0 \j=l 



J 
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Using the assumption that k 2 = mod f^ n+l \ which implies that 

n-i 

^ K n+i-e-j K u) = for <£< n -i i 
;=i 

we have 

15-0. 

6. The 6-th (the last) line: We do nothing; 

1=1 1=1 
Adding everything together, g<«+!) - g(»+i) = LI + L2 + L3 + LA + L5 + L6, we have 

(n n n \ 

^^(B+l-Q^) + ^ Jf (n+l-«) 5 (fl + ^ s (B+l-0 |f 4<) 
£=1 £=0 £=1 7 



\£=1 i=l J 

Finally, after using the identity in (3.22), we are done. □ 

3.3. BVQFT 

ABVQFTfor us is a BVQFT algebra [[tl]], K, •) with an additional algebraic notion 
corresponding to Batalin-Vilkovisky-Feynman path integral. 

Before we jump into making a definition, let's examine an arbitrary k[[ti]] -linear map 
() of certain ghost number N on [[tl]] into k [[tl]], which is a sequence ( ) = ( )^ + 
H{ ) {1) + H 2 ( ) (2) + --- of k-linear maps on c € into k and satisfies (K'k) — for any 
k = A(°) + nW> + n 2 X^ + •• • e [[tl]]. Then the following formal sum vanishes; 

oo n 

X^Z((K^) W = 0, 

n=0 k=0 

where {Kk) U) = QA^^+XLi K [Vl ^ J ~ i) - Thus the condition {K'k) = for any k e ^ [[tl]] 
is equivalent to the following infinite sequence of conditions; 

n 

J]((KX) (n - fc) ) (fc) = foraU#i = 0J,2 > -" l &fbranyfc€ < if[[ft]]. (3.26) 

k=0 
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The first few leading relations, for a demonstration, are 

(QA(°)) (0) = 0, 

(qaw + ^wa(°)) (0) + (qaW) (1) = o, 

(qA' 2 > + K«A« + K^^f ] + (QA« + tf l W>) W + (QA (0) ) (2) = 0. 

The first condition in the above implies that (Qx)^ = for any x e . ft follows that 
= since AW,A' 2 ) e ^. This property can be used to simplify 
the remaining relations as follows; 

(K«A« + tf 2 W°>) (0) + (QA« + K^^) W + (QA(°') (2) = 0. 

etc. Now the first condition in the above implies that (k^x^ + (Qx)^ — for any 
ie^. Thus we have a further simplification 

(tf2)A(°>) (0) + (iC«A(°)) (1) + (QA(°)) (2) - 0, 

implying that (^ 2 )x) 1 ' + (k^x) + (Qx> (2) = for any ^€l. This demonstration 
suggests that the condition that (KX) = for all Ae ^ [[fl]] is equivalent to the follow- 
ing infinite sequence of conditions; 

(Qx) (0) = for anyie^, 
(Qx) M + ^ (K m x) [n ~ l) = for any x e for aU w = 1,2, - . 

Proof is omitted. 

Now let's adopt more usual notation such that c^\y) := (y)^\ yel, the condition 
(3.27) can be written in more suggestive way as follows; 

n 

c Mq + ^ c (n-e) K m = Q fo r all » = 0, 1, 2, - , 

£=1 

which are conditions for the sequence c^°\ d 2 \--- of k-linear maps on ^ into k. It 
is obvious that the above conditions can be written as co K = where c = + Hc^ + 
fl 2 c {2) _| — Then we have a natural notion of homotopy in the sense that c' := c + rK 
for anyr= H°^ + tlr^ + flr^ + ---, where r®\ rW, r<- 2 \--- is a sequence of k-linear maps 
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of ghost number N — 1 on into k, we automatically have c'K = since K 2 = 0. 
Explicitly 

c '(o)_ c (o) = r (o) Q) 

n 

c /(n) _ c (n) = r (n) Q + ^ r (n-() K (0 for all « = 1, 2, • • •. 

1=1 

We, then, say c and c' are "quantum homotopic" and denote c~c'. We shall denote 
the "quantum homotopy type (class)" of c by {c}. 

Remark 3.5. Variations of c within the same quantum homotopy type is a realization 
of continuous deformations or homologous deformations of Lagrangian subspace £ 
(gauge choice) in the BV quantization scheme. 

Definition 3.1. An unital BV QFT is a BV QFT algebra (^[[h]],K, ■ ) with a sequence 
c(°),cW,c( 2 ),"- of k-linear maps of ghost number zero on c € into k such that c := 
c^+hc^+h 2 c^+- ■ ■ satisfies cK = 0, c(l) = 1 and defined up to "quantum homotopy"; 

c~c' = c + ro K, 

for some r = r^ + tlr^ + ti 2 r^ H — , where A°\ r^ l \ A 2 \--- is a sequence of k-linear 
maps : c € — > k with ghost number —I. 

Note that the ghost number of k (and k[[ft]]) is concentrated to zero. So the sequence 
c (o) ( c (i) j c (2) ; ... f k-linear maps should be zero maps on n for n ^ 0. 

A BV QFT does not need to be restricted to be unital. Let's assume the c(l) ^ 1. Con- 
sider the case that c(l) ^ 0. Then we can simply divide everything by c(l) provided 
that c(°)(l) # to get an unital theory. The case c(l) = is simply uninteresting. Alter- 
natively we can consider the case that the ghost number of c is non-zero. 

Definition 3.2. A BV QFT with ghost number anomaly N e Z , N ^ 0, is a BV QFT al- 
gebra (^[[tl]], K, • ) with a sequence c^,^,^,--- of k-linear maps of ghost number 
—N on into k such thatc := + Hc^ + H 2 c^ H — satisfies c K = and is defined 
up to "quantum homotopy"; 

c~c' = c + rK, 

for some r = r(°' + hr^ + h 2 r^ H — , where r^°\ rW, r^ 2 \--- is a sequence of k-linear 
maps ; <g — > k with ghost number -N - 1. 
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Note again that the ghost number of k (and k[[ft]]) is concentrated to zero. So the 
sequence c^ \ c( 2 \--- of k-linear maps should be zero maps on ( € n for n^N. 

Remark 3.6. The terminology 'ghost number anomaly' has the following origin. Con- 
sider a path integral " J c dp"e~ s l n in the BV quantization scheme. The BV quantum 
master action S has ghost number zero, while the path integral measure dp may have 
non-zero ghost number. The later is usually due to the possible zero-modes of anti- 
commuting classical fields, which modes do not contribute to S | c but contribute to 
the path integral measure dp. The net violation of ghost number in dp due to those 
zero-modes is called the ghost number anomaly, which is closely related with the in- 
dex theory. Assume that the theory has ghost number anomaly N. Then, by the prop- 
erties of Berezin integral of anti-commuting field, J d6 1 = and J dOO — 1, the path 
integrals always vanish unless one insert suitable observable with ghost number N. 
Ghost number anomaly is an important feature of Witten's topological field theory, 
see 1 3 1 . The ghost number anomaly should not depend on continuous or homologous 
deformations of £, but may depend on "homology" type of £. 

We may also accommodate the various possible cases with different ghost number 
anomalies into a single definition by replacing k with a Z -graded free k-module V = 
Xyez ' wnere ^ J — ^ Du t with ghost number j. 

Definition 3.3. ABVQHTisaBVQFTalgebm{ ( £[[H]], K, • ) with a sequenced := c® + 
flc^+fl 2 c^+--- ofk-linearmaps, parametrized by H, of ghost number on c € into a Z - 
graded free k-module V = X/ez ^ s suc ^ tnat c K = and c is defined up to "quantum 
homotopy"; 

c~c' = c + rK, 

for some r = rM) + ftr^ + h 2 r^ H — , where H°\ r^\ K 2 V -- is a sequence of k-linear 
maps : <g — > V with ghost number — I. 

In the above definition it is understood that there is a sequence cj*\ c9 , cf , • • ■ of Ik- 
linear maps on H>1 into Vi a* k for each j . 

Now we are ready to define expectation values of observables. We recall that our first 
theorem give a canonical sequence fW , f^\ fi® , ... of k-linear maps of ghost number 
on H, the space of equivalence classes of classical observables, to such that f := 
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/(°) + ft/W + ft 2 /( 2 ) H — satisfies K f = f k and is defined up to "quantum homotopy"; 

f~f = f+Ks + SK, 

for any sequence s = s^ + ftsW + ft 2 sP) H — , k-linear maps of ghost number -1, 
parametrized by ft, on H to 1?. We can compose the map f, regarded as a k[ [7?]] -linear 
map on H[[H]] = H® k k[[ft\] into <^[[ft]], with the map c := + ftc« + h 2 c^ + 
regarded as a k[[ft]] -linear map on ^ [[ft]] into k[[ft]] (or into V[[ft]], to obtain a k[[ft]]- 
linearmap i := cf = + ft<W + ti 2 ^ + ••• on //[[ft]] intok[[ft]] (or into V[[ft]], such 
that 

t (») = ^ c (»-« / (fl > „ = 0,1,2,-. 

Note that the ambiguity of i due to the ambiguities off~f = f+Ks + SK and c ~ c' = 
c + r K is 

iZ-i^cY-cf 

= c(Ks + SK) + rK(f+ Ks+sk) 
= csK + rKf+rKsK 
= (cs + rf+rKs)K, 

where we used c K = and K 2 = for the second equality and K f = f k for the third 
equality. An automorphism g on c ^[[ft]] sends f to gf and c to eg -1 , since f and c are 
k[[ft]]-linear maps to ^[[ft]] and from ^ [[ft]], respectively. It follows that the compo- 
sition i = cf is invariant under the automorphism of BV QFT algebra. We also recall 
that a classical observable O is extendable to a quantum observable O if and only if 
k ( [O] ) = 0. If follows that i ( [O] ) = i' ( [O] ). 

By the way, it is the cohomology class of classical observable that is observable to a 
classical observer. Also there is no genuine classical observable so that every classi- 
cal observation must be classical approximation of quantum observation. So we shall 
omit the decorations "classical" and "quantum" and define observables and their ex- 
pectation values; 

Definition 3.4 (Theorem). An observable o is an element of the cohomology H of the 
complex ( C (?,Q) satisfying K^ n \o) = for all n = 1,2,3, i.e., k(o) = 0. The quantum 
expectation value of an observable o is 

oo n 

i (o) = c(f(o)) = £ K" X cin ~ f) (f W ' 
n=0 e=o 
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which is a "quantum" homotopy invariant as well as invariant under the automor- 
phism of BV QFT algebra. 

Recall the f maps the identity leHto the identity le^c ^[[7?]]. Thus, for an unital 
BV QFT, we have i(l) = 1 since c(l) = 1. 

Definition 3.5. Let o bean observable. Then wecallf{o) e [[fi]] a quantum represen- 
tative of the observable o, or the quantum representative of observable o with respect to 
the quantum extension map f. Similarly we call f{o) e ^ a classical representative of 
the observable o. 

Remark 3. 7. We say an element in H which is not annihilated by k an invisible. An 
important question is that why invisibles exist and what is the meaning of their exis- 
tence? We will not discuss this issue here, but the answer shall be that the invisibles 
are responsible to the fundamental quantum symmetry and any non-Abelian classi- 
cal gauge symmetry is its avatar. 

Remark 3.8. From now on we shall use the time-honored symbol ( ) instead of c for 
a BV QFT, where it is understood that a "quantum" homotopy type of c is fixed, such 
that i{a) = (f(fl)> for a e H. 



4. Quantum master equation, quantum coordinates on moduli space and an exact 
solution of BVQFT 

This is the beginning of the second part of this paper on an exact solution of gen- 
erating functional of quantum correlations functions of a BV QFT. We shall assume 
that k = identically on H such that every element of H is observable. We shall also 
assume that H is finite dimensional for each ghost number. 

From the assumption that k = and theorem ll.H we have a sequence f = f+Tlf^A — 
of k-linear maps on H into c <§ of ghost number zero such that Kf = 0, which classi- 
cal limit / = fL_ is a quasi-isomorphism of complexes / : (H,0) — > (^,Q), which 
induces the identity map on H. From the condition Kl = 0, thus Ql = 0, in the def- 
inition of BV QFT algebra, there is a distinguished element e e H corresponding to 
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the cohomology class [1] of the unit 1 in ', ■ ). On H there is also an unique bi- 
nary product ni2: H®H — > H of ghost number induced from the product in the 
CDGA (<t? , Q, • ); let a, b e H then m 2 {a, b) :— [/(a) ■ /(£>)] which is an homotopy in- 
variant since Q is a derivation of the product •, and m 2 {e,b) = m 2 {b,e) = b, such 
that [H,0, m{) is a CDGA with unit e with zero differential. The product m,2 is super- 
commutative m2{a,b) = (— l)l a H fa lm2(£>,a) since the product • is super- commutative. 
It is natural to fix / and f such that /(e) = 1 and f(e) = 1. 

It is convenient to choose a homogeneous basis { e a ] of H such that one of its compo- 
nent, say e , is the distinguished element e. Let tn = {t a } be the dual basis (basis of 
H*) such that \ t a \ + \e a \ = 0, which is a coordinates system on H with a distinguished 
coordinate f°. We denote n-th symmetric product of the graded vector space H* by 

S n (H*); 

S n {H*) - {H*f n ja ®b- (-l)l*lfo ® a , 
and consider the following natural increasing filtration 

S [a \H*) c S [l \H*) c •• • c S [k ~ l \H*) c S (k \H*) c (4.1) 

where 

k 

S m {H*) = ($)S J XH*). 
j=o 

Let 

S{H*) = lim S {k \H*), 

n—>oo 

which is a super-commutative and associative filtered algebra over k isomorphic to 
k[[t H ]]. 

The product rri2 on H is a bilinear map on S 2 {H) into H of ghost number 0, since it is 
super- commutative. The product m 2 is specified by structure constants {m a p"r} such 
that 

m 2 {e a ,ep) = m aj} r e r , m 2 (.e Q ,ep) = m 2 {e l 3,e ) = ep, 

where we are using the Einstein summation conventions that a repeated upper and 
lower index is summed over. Note that m^ r = mop 7 — 5p r (the Kronecker delta). The 
binary map m 2 : S 2 {H) — > H is dualize to m\: H* — > S 2 {H*) and is extended uniquely 
to a k-linear map m\ : S{H*) — > S[H*) as a derivation of ghost number zero. Explicitly 
m*tr = i t Pt a m a pr and 

m 2 = ''f^rriap 1 '8 r 
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where the derivative symbol d r = -fjj means the extension of m* 2 as a derivation. Then 
we have 

[d ,ml] = t a d a , 

since m^o r = ^o/3 r = o~p r - Any k-multilinear map m„ : S n (H) — > H of ghost num- 
ber zero is similarly dualized to a Ik-linear map m* : H* — > S n {H*) of ghost num- 
ber zero, which can be extended uniquely to a Ik-linear map m„ : S{H*) — > S[H*) as 
a derivation of ghost number zero - let m n {e ai ,--- , e Un ) = m ai ... a Je r , then m* f = 
i.f« n ... t Ul m ai -a„ r and m n = t a " ■•■ t ai m av .. a /d r . We shall often use the single no- 
tation m n for m n ,m* n ,m n . 

Now the triple (k[[te]]<8> ^[[tt]], K, • ) is a BVQFT algebra, where K and • are the short- 
hand notations for 1®K and(a®x)-(fo®y) = (— l)l x H fo lafo®x-yfor a,b ek[[fff]] andx,ye 
^[[^]], respectively We denote its descendant algebra by (k[[f#]] <8> ^ K,( , )), 
where (a <8>x, b ®y) = (-l)(W+i)l&l afr <g> (x,y) . The operator mi acts on k[[t H ]] ® ^[[^]] 
as a derivation, m„ ® 1, increasing the word length of tu by n - 1. We shall omit the 
tensor product symbol whenever possible. 

Let O a = f{e a ) and O a = i{e a ). Then {O a \ is a set of representative of the basis \e a \ 
of H such that QO a = and [O a ] = e a . The set {O a } is then a fixed quantization of 
the generating set {O a } of classical observables such that KO H =0 and O a | fi=0 = O a . 
Finally we let 0i = t a O a . It follows that 

K0i = O, 0)01 = 1. 

Now the following theorem contains the complete information of quantum correla- 
tion functions; 

Theorem 4.1. On H there is a sequence m2,m3,m 4 ,--- of multilinear products m n : 
S n H — > H of ghost number such that m2(eo> e a ) = e a and m n (eo,e a2 ,--- ,e an ) — for 
all n = 3, 4, 5, • • • . And, there is a family ofBV QFTs specified by 

= 1 + 2 +0 3 + "-e(k[fe]]®^p]])°. 
where 0„ = ±t a * ••• £ ai O av -a n e (S"(ff*)® ^[[ft]]) , satisfying 
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1. quantum master equation: 

O=K0i, 

1 B 

m 2 =-0i -0i - m!0i - KA 2 , 

2 z 

ft0 3 =-0i -0 2 - im«0 2 - -(0i,^ 2 ) - "4©! - KA 3 , 

— -0fc @ n -k- 7T \m*®n-k+\ + {®n-k,M) 

-m^-KAn, 

for some A n e (k [[£#]] ® c ^)~ 1 defined modulo Ker K 

2. quantum identity: d & = 1. 

3. quantum descendant equation 

K0 + i(0,0)=O, 

as a consequence of quantum master equation. 

Remark4.1. The conditions m 2 (e ,e ff ) = e a and m n {e a ,e a2 ,--- ,e an ) — for n > 3 are 
equivalent to 

= f a 5 a , [£b,/»y = 0forrc>3. 

In section 4.1. an idea of proof will be presented for a pedagogical reason before an 
actual proof in section 4.2. In section 4.3 we shall derived the algebra of quantum 
correlation functions. In section 4.4 we shall discuss some corollaries of our theorem 
comparing our notion of quantum coordinates with the flat coordinates on moduli 
spaces topological strings. 

4.1. Idea of Proof 

The quantum master equation to be consistent its classical limit should make sense 
as well. The classical limit of quantum master equation modulo t^, n > 3, is QQ\ = 0, 
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and 

Jlk = m[Qi + KA k (4.2) 
for k = 2, 3, ■ ■ ■ , n - 1, where Ji k e (S fc (//*) <8> ^) is given by 

^ ^^|> - ~ 1)m - e ' Af) 
^ fc-i 

Then should belong to Ker Q to make sense of the equation (4.2) . We may decom- 
pose Jik as 

J(k = ^t a "-t^M av .. ak 

such that M ai ... ak e <g>l e «il+-+l e «*l. Thus M ai ... aj . must satisfy QM ai ... aic = 0. Then the 
expression M ar .. ak can be written as 

-Mai-a* = m av .. a jO r + QA ai ... ajfc (4.3) 

for uniquely defined set of constants { 

fW-ai—ajc ^} 3.nd for some ^ai—a^ ^ c $ eai eak 
defined modulo Ker Q. Once we make the following identifications 

m\ = ^-t^m ai ... a rd r , 



Ak — ,,t k ---t l X ai ... ak , 



1 

jfc!' 

where t a — {—lj ea h a , the equations (4.2) and (4.3) are equivalent. 

Set n = 3, to begin with, we have M2 = \&\ • &i s Ker Q. Thus . // : . = m!j0i + Q/l 2 . We 
define 2 e (S 2 (//*)<8> <€\ [fl]]) by the formula 



2 :=^Qoi-0i-m50i-KA 2 j 



and show that d o 2 = 0. Then we take the classical limit 2 of 2 and show that 
Jls = |©i -0 2 — ^m 2 &2 — |(0i,yl 2 ) satisfies Q^#3 = 0, so that ^#3 can be expressed as 
^3 = m!j0i + QA3. Thus we are defining and A3 to proceed one step further, after 
showing that d , m![] = 3)A 3 = 0, to define 3 e (S 3 (tf*) ® by the formula 

©3 := ^ Q01 -02 - ^m»0 2 - i (0i, A 2 ) j 
and prove that do03 = 0, et cetera, ad infinitum. 
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We are going to build an inductive system 

P(l)cP(2)cP(3)c-cP(n-l)cP(n), 
with respect to the filtration (4.1) such that P{k) for each 2<k<n-lisa triplet; 

(fc+D = (fc) + 0fc+1 e ( S {k+1 \H*) ® ^[[ft]])°, 

P{k + 1) = \ m (fc+1) = m {k) + m k+1 : H* -» S {k+l \H*\ 

A (k+i) = A (k) + Am e ( S (fc+D (H *) 3 <g> [[^j]) -i 

satisfying quantum master equation on S^ k+l \H*)® [[fi]], i.e. modulo £^ +2 , with the 
initial conditions that ©M = 0i and mW = = 0. Then we send n — > oo. 

4J.I. P(l) c P(2). Set P(l) = {0(^ = 01,0,0} so that K0 X = and c> o 0i = 1. Let 
0i = t a O a e (H* <8i <^)° denote the classical limit of 0i. Then Q0 l = and d &i = 1. 
Consider the expression 0i • 0i e (S 2 (H*)® c €) [[ft]] built from P(l), which satisfies 

K(0 r 0i) = -ft(0i,0i). (4.4) 

since K0j = 0. Thus the classical limit r 0i of0 r 0i belongs toKerQn(S 2 (H*)<8)^) . 
It follows that 

i0 1 -0 1 = m 2 1 +Qyl 2 , (4.5) 

for uniquely defined map m 2 : H* — > S 2 {H*) of ghost number and some A 2 e 
(S 2 {H*) <8> "it?) 1 defined modulo Ker Q. We note that the ghost number map m 2 : 
H* — > S 2 {H*) has an unique extension to m\ : S{H*) — » S{H*) as a derivation. 



From 1 -0i = 0i, we deduce that 
that the expression 



d Q ,ml 



= t a d a and do/l 2 = 0. Fix such a A 2 . It follows 



-0i-0i-m^0i-KA 2 



1 

2 

is divisible by ft and does not depend on f °, i.e., 



d Q©! -0i - m 2 0i - KA 2 j = 1 • 0i - t a d a & l = 0, 

where we have used that t a d a Qi — 0i since 0i is a degree 1 homogeneous polynomial 
of t H . Thus we can define 2 e [S 2 {H*) ® ^) [[ft]] by the formula 

ft0 2 = ^0i -0i - m*0i - KA 2 , (4.6) 
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which does not depend on t°, i.e., doQ 2 = 0. Applying K to the above we obtain that 
% K0 2 = - 1 (0i, 0i) , using the properties (4.4) , K0i = and K 2 = 0. Thus we conclude 
that 

K0 2 + ^(0i,0i)=O. (4.7) 

We record all the previous data by the triplet P(2); 

0^ := 0j + 2 e (S (2) (//*) ® ^[[tl]]) , 
P(2)=- m^:=m[:S{H*)^S{H*\ 
A {2) ~A 2 e(S {2 \H*)® c gy\ 

satisfying doQ^ — doQi — 1, [do, m^] = [do, m 2 ] = t a d a , doA 2 — 0, and the quantum 
master equation modulo t^; 

O=K0i, 
n& 2 = -0i -0i - m\®i - KA 2 , 
which implies the quantum descendant equation modulo t\ 

K0i = 0, 
K0 2 + ^(0i,0i)=O. 

Corollary 4.1. Thebracket{ , ) vanisheson theQ-cohomology H. 



Proof. Taking the classical limit of (4.7), we obtain that 

(0i,0i) = -2Q0 2 

where X = t a O a = t a f{e a ). This imply the corollary since {e a — [O a ]\ form of a basis 
oiH. □ 



4.1.2. P(2) c P(3). The following explicit description may be redundant but is pre- 
sented here to demonstrate the method of proof. 

Let M 3 e (S 3 (H*) ® [[tl]] be the following expression 

M 3 - ^0i -02 + ^02-01 - ^m»0 2 - i(0i, A 2 ), 
which is defined from data in the system P(2). 
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Proposition 4.1. We have KM3 = —% (©1,62) and doM 3 = 0. 

Proof. Note that ©i ■ ©2 = ©2 • ©i- We have, by a direct computation, 

KM 3 = - y (0i , 0z) + ~©i • K0 2 - ~ m\ K0 2 + i (0i , K A 2 ) . 

Using K0 2 = - \ (©i , ©i ) , we obtain that 

KM3--^(0i,02) + ^(0i,0i-0i)-i©i-(0i,0i) + im«(0i,0i)-i(0i,m«0i). 

Thus, after the Leibniz law of the bracket ( , ) and the fact that m 2 is a derivation of 
the bracket, we have the first claim. For the second claim, we obtain that 

5 o M3-^02-^ a 5 a 02 = O, 

where we have used the properties that do&i = 1, do®2 = 0, do/12 = 0, (l,/^) = 0, 
do, m\ = t a 8 a and t a d a %2 = 202, since 02 is a degree 2 homogeneous polynomial of 
t H . □ 

Thus the classical limit Ji?, of M 3 belongs to Ker Q n (S 3 (H*) <g> and doJiz = 0, 
where 

^ 3 = l0 1 .0 2 + l0 2 .0 1 -im|0 2 -i(0 1 ,A 2 ). 

It follows that 

^ 3 = mjj0i + QA 3 , (4.8) 

for uniquely defined map m\ : S{H*) — > S{H*) of ghost number and some A3 e 
{S 3 {H*) ® ^Y 1 defined modulo Ker Q such that [do, m\] = and d A 3 = 0. Fix a A 3 . 
Then, the expression M3 — m 3 0i — KA2 must be divisible by H and independent to t°. 
Thus we can define 3 e (S 3 (#*) ® <^) [[ft]] by the formula 

ft0 3 = M 3 - m*0i - KA 3 , (4.9) 

which does not depend on t°, i.e., <?o0 3 = 0. Applying K to the above we have 72K02 = 
KN3. Then, from proposition ^. H we conclude that 



K0 3 + (0i,0 2 )=O. 



(4.10) 
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Thus we have the system P(3); 



0(3) . = (2) + 03 = 0i + 02 + 03 e J S P) (// * j ® «g) [[&]]», 

P(3) = | m (3 » := m (2) » + m\ = m{ + m\: S{H*) — » S(H*), 

y l( 3 ) :=y l( 2 ) + A3-A2 + yl3e(S (3) (//*)(8)^)~ 1 raodKerQ, 



satisfying d o (3) = 5 o 0i = 1, [cb, m (3)tt ] = [do, m\] = t a 8 a , d A& = 0, and the quantum 
master equation modulo t%; 



which implies quantum descendant equation modulo tfj 

K0i=O, 
K0 2 +i(0 1 ,0 1 )=O, 
K0 3 + (0i,0 2 )=O. 

4.2. Proof 

4.2.1. P{n — 1). Fix n > 3, assume that we have the following inductive system 







K0i, 




m\Qi - K/l 2 , 




P(l) c P(2) c P(3) c-cP(n-l), 



(4.11) 



where, for each 1 <j < n — 1, P(y') = |0^^, mU\AW} is a system with 



Q U) :=Q 1 +Q 2 + --- + Oj^{S U \H*)®^)[[n]] , 
• m ij) t ■=m\ + m\ + ~- + m]:H*^ S ij \H*), 
AW := A 2 + A 3 + ■ ■ ■ + Aj e (S^(H*) ® ^) _1 , 
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satisfying do@U) = l, [d , m^] — t a d a , BqA^ = 0, and the quantum master and descen- 
dant equations modulo tj^ 1 ; 



O=K0i, 
^0 2 =M 2 -m*0 1 -Kyl2, 

_ n&j =M ; - - m|©i - Kyly, 
where, for k = 2,--- ,j, 

fc-i 



K0i=O, 
K0 2 + ^(0i,0i) = O, 



K0, + -J](0,,0 ; _,)=O, 



fc-i 



^ fc-1 

-—Sjk-i + l){k-i)m[_ e+l Q t 



k(k-l) 



1=2 



(4.12) 



(Note that the expression M k e (s k {H*) ® ^[[H]]) is built from data of P{k - 1)). 



4.2.2. P{n - 1) c P(n). We are going to extend the system (4.11) to 

P(l) c P(2) c P(3) c-cP(n-l)c P{n) 

such that 0„ = 0("' — 0(" _1 ) and m n — m.Wb — m ( - n ~ 1 ^ are defined uniquely, while 
A n — — yi(«-i) is defined modulo Ker K. Then we take n — > oo limit. 

We shall need the following technical proposition: 
Proposition 4.2. The expressionM n e {S n {H*) <g> ^ [[ft]]) ; 

^ n-l j n-l 

M " '■=—( 77 X k{n ~ V Qk • "- fc " —f 77 Yi n ~ k + ~ V m l-k+i e k 

nin-l)*—' n\n-\)i—i n K+L 



i{n-l) 

1 ^ Vk(k-l)(& n - k ,A k ), 
n(n - 1) f— | 



n-l 



k=2 



which is defined in terms ofP(n — 1), satisfies 



KM ra = -^(0 fc ,0 ra _ fc ). 



n-l 



k=l 



and doM n = 0. 
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We shall postpone proving the above proposition and examine its consequences first. 
An immediate consequence is that the classical limit Ji n £ (S n [H*) ® c ^)° of M„ satis- 
fies QJi n — and is independent of t°, i.e., doM n = 0, where 

^ n— 1 ^ n—l 

Ji n ■=—, 7T ^ k[n - k)0 k ■ n - k V(ra -k + \){n - k)m\_ k 0k 



n-l 



k=2 



— - J]fc(fc-l)(0„_ fe ,yl fe ). 



n[n - 1) 



k=2 



(4.13) 



It follows that 

Jt n = m\0x + QA n , 

for uniquely defined map m n : S{H*) —> S{H*) of ghost number and some A n e 
(S n (iP)® ^Y 1 defined modulo Ker Q such that [do, ml] = and d A„ = 0. Then, 
the expression M„ — m n &\ — KA n must be divisible by tl. Thus we can define 0„ e 
(S"(H*)® [[H]] by the formula 



n&„=M„-mi& l -KA n . 



(4.14) 



Applying K to the above we have %KQ n = KM„. Then, from proposition l4.2l we con- 
clude that 

^ n—l 

K0„ + -^(0 fc ,0„_ fc ), (4.15) 



k=i 



and d o 0„ = 0. 

Thus we have defined P(n); 

P(n) - | := m ( "- 1} » + m| : S(H*) — > S{H*), 

satisfying d & w = 1, [do, m^] = f a 5„, 5 ^ (n) = and 

K0i=O, 



O-K0i, 

nQ2=M 2 -m\Q l -KA 2 , 

ne n =m n -mlQi-KA», 



K02 + -(0i,0i) = O, 



^ n—l 

K& n + - Y i ( @ t<Qn-i) = 0, 

z 1=1 



(4.16) 
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where, for k = 2, ■ ■ ■ , n, 

^ fc-i y fc-i 

, fc-1 

Now we set 

0= lim ( " ] 

and the theorem follows once we prove proposition [42] 



4.2.3. Proof of propositior i4.2\ LetM„ = n(n— 1)M. Then, from a direct computation, 
we have 

n-l 

KM„ - - k(n - fc)(0fc,0„- fc ) 

fc=i 

n— 1 re— 1 



+ ^ fc(w - k)KG k ■ 0„_ fc + ^ k(n - fc)0 fc • K0„_ fc 

fc=i fc=i 
n— 1 n— 1 

- fc ( fc - l)(K0„_ fc ,A fc )+^]fc(A: - IKS,,-*, KA k ) 

k=2 k=2 
n-l 

- Yjin -k + l\n - k)m[_ k+1 KO k , 



k=2 

where we used the following identity 

K(0 fc -0„_ fc ) - -tl(G k ,Q n . k ) + KG k -Qn-k+Qk ■ K0„_ fc , 

as well as the properties that K is a derivation of the BV bracket and commutes with 
m n _ k+v Further using K0i = and the commutativity of the product 0^ • KQ n - k = 
KOn-k ■ 0fc, we have 

n-l 

KM„ =- tl^ k{n - fc)(0 fc ,0„_ fc ) 

k=i 

n-l n-2 



+ 2^k{n - k)KQ k -Qn-k-^Jn - k){n -k- l)(K0 fc ,A,-fc) 

k=2 k=2 
n—l n—1 

+ Y, k(k - l)(e»_fc, KA k ) - Jjn -k + l)(n - k)m[_ k+1 K0 fc . 



k=2 k=2 
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Then we use the assumptions from P{n - 1) that for all k = 2, . . . , n - 1 

k{k - l)KA k = - Hk{k - l)0 fc 

fc-i fc-i 

f=l ^=2 
fc-1 

-^(fc-£ + l)(fc-£)mJ_ m 0^ 
j fc-i 

K0 fc =--J](0^,0 fc _ £ ). 

to have 

n— 1 re— 1 

KM n = - »X * ( " " /c X%,0rc-fc) " ^2 fc(fc " ^(On-it^fc) 

fc=l fc=2 
n-lfc-1 

-J]J]A:(«-fc)(0 f ,0 fc _ £ )-0 ra _ fc 

k=2l=\ 
n-lk-l 

fc=2£=l 
^ o— 2 fc— 1 

+ 5 " " fc " (4-17) 

fc=2£=l 
n-lfc-1 

fc=2 f =2 
^ n— 1 fc— 1 

+ 5 " fc + 1X " " fc)m l-fc+i &t>*k-t) 

k=2t=\ 

n-lk-l 

- X & - 1 + 1)(/c - ^ { Qn ~ k < m k-t+i & t) ■ 

k=2i=l 

Now we claim that (i) the 2-nd and the 3-rd lines of the right hand side of the above 
cancel with each others due to the Leibniz law, (ii) the 4-th and the 5-th lines of the 
right hand side of the above cancel with each others due to the Jacobi law, (iii) the 6-th 
and the 7-th lines of the right hand side of the above cancel with each others due to 
rrik being a derivation of the BV bracket. 
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n-lfc-1 

JJp-f)(0„^,0r0H) 

k=2 f=l 

n-1 k-1 

= Z X £[k - £) {{&n ~ k ' 0e) ■ 0k ~ e + &r (Gn - k ' &k -M 

k=2(=l 
n-1 k-1 

=SZ £(fc - £){(0 ^' ^' 0fc - f+(0 "- fc ' 0fc -^- ^ 

k=2f=l 
n-1 k-1 

= SS k{n ~ k)(Qe,Qk-e)-9n-k, 

k=2(=l 



where we applied the Leibniz law for the first equality, used the super-commutativity 
of the product in the second equality and did a re-summation for the last equality. 
By comparing with the 2-nd line of the right hand side of (4.17), we have proved 
the claim. 

- To check the claim (ii), rewrite the 5-th line of the right hand side of (4.17) 



n-lk-l 

-J2f(l-l)(0„_ fc ,(0 w ,^)) 

k=2 1=2 

^ n—1 k—1 

= --Y 4 Y 4 W- l )Wn-k,®k-d,At) 

k=2 1=2 
^ n-2k-l 

= ~- 2& " fc)( " " k ~ V((9e,0k-e),An-k), 

k=2(=l 



where we applied the Jacobi law for the first equality and did a re- summation for 
the second equality. By comparing with the 4-th line of the right hand side of (4.17), 
we have proved the claim. 



82 



Jae-Suk Park 



- To check the claim (iii), rewrite the 7-th line of the right hand side of (4.17) 

n-l fc-1 



j n— 1 fc— 1 

= " 2 " £ + - 'HL/+1 (©n-fc.%) 

fc=2£=l 
^ n— 1 fc— 1 

= --2X (fc - £ + 1)(fc - £)m tm^' «-^ 

fc=2£=l 
j n— 1 fc— 1 



2 * / - 1 



where we used mic-e+i being a derivation of the bracket for the first equality, used 
the commutativity of the BV bracket for the second equality and did a re-summation 
for the last equality. By comparing with the 6-th line of the right hand side of (4.17), 
we have proved the claim. 



Thus we are left with 

n-l n-l 



KM n =-n^ k{n - k){& k ,Q n - k ) - nJ^Kk - l)(0„_fc,0 fc ), 



fc=l fc=2 

which gives, after a re-summation, 

n-l 

'2 



j n-l 

KM„ = -tln(n - 1)- ^(Q k ,&n-k), 



fc=i 

which proves the first claim; 

n-l 

2 



KM ra = -|j](0 fc ,0 n _ fc ). 

fc=i 



For the second claim, we have 



3)M„ = 3) — -0i-0„_i -m 2 &„-i — [Qi,A n -i) 

\n(n-l) n{n-l) n(n-l) J 

2 2 {n-\\n-2) r 

= -0,-1 " -7^40,-1 - , (LAn-i) 

n n{n-l) n(n — l) 

= - [0„-i - 7— !-^f a 40n-i ] , 
«l (n-l) J 
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where we have used the assumptions that do&k = doAk = 0for2>fc>?i-l and 
[do, m k ] = for 3 > k > n — 1 for the first equality, the fact that do®\ = 1 and [do, m\] = 
t a d a for the second equality. Finally we conclude that 8 M n — since t a d a Q n ^i = 
(rc -!)©„_!. □ 



4.3. Algebras of Quantum Correlation Functions 

The solution of quantum master equation can be used to determine generating 
function of all quantum correlators by the formula 

n=l n=l 

where the sequence fti,fi 2 ,-" is defined by matching the word-lengths in t, such that 
n n generates n -point quantum correlators; 

n n = -t a "-t ai n ar .. an where 7i av .. a £ < i^'[[^]]' ai ' + "' + ' a "'. 
n\ 

From the decomposition = X^Li ®« °f ® D Y me word-length in f#, we have the 
following recursive formula 



Hi -0i, 

n-l 



Equivalently, 



Note that 



^ n— i 

n„ = (-^)"- 1 0„ + -^7(-^y" 1 0i-n«-i- 



(4.18) 



(4.19) 



t=o 



^ai-a„ | ^ =0 — 0«i - - - 0«„ 
The quantum descendant equation implies that Kfi„ = for all n — 1,2,... since 
it is equivalent to K e~ & l n — 0. Thus n ar -a n is the canonical quantum correlator - 
quantization of classical correlator O ai • ■ • O a „ ■ We define the generating functional 
2f(t H ) of all correlation functions by the formula 

~ (-l)n 

ntH):=<i>+2_ i -j^-( sl n) 

n=l 



n=l 
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so that an arbitrary n -point correlation function (n ai ... an ) is obtained as follows; 



The quantum identity do0i = 1 and do& n = for n > 2 implies that 
Corollary 4.2. dofti = 1 and dofl n — fl n -i for n>2. 

Proof. We use induction. It is obvious 8 Sli = 1 since fti = ©i. From ft 2 — ^©f — h"®2> 
we have 8oil2 = 5o©i -0i - 7?do©2 = 0i =Sl\. Fix n > 3 and assume that doSlk = ftfc-i for 
2 < k < n — 1. From (4.19), we have 



>=(-n) B ^ t 




«— i 



Then 



3>n. 



i 






1 n — 1 1 "~ 2 

- -n B _x + — (-nr- 2 e n -i + — T V j{-ny- l &j ■ n 




■n-i-j 



7 



□ 



From the quantum master equation we shall show the following: 



Lemma 4.1. for every n>l,we have 



fi« = p B „0i + Kx„ 
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where p\ = m 2 , x 2 — A 2 , and 

x M = {-nf- 2 x n + - — - V (-nf- 2 k{k - i)f m[x n+l - k +A k ■ n n - k ) . 

Proo/ Consider the decomposition of in terms of the word-length of t H ; 

= 01+02+03 + 

where 0„ = -^t a " ■■■t ai O av -a n is a homogeneous polynomial of degree n in tH- It 
follows that, for all n = 1, 2, 3, ... , 

t a d a ® n = n® n , th a d a dpQ n = n{n-V^ n . 

It is convenient to introduce the following notations 

OO 00 

A = '^n{n-l)m\ i , A = ^ - l)A n . 

n=2 n=2 

Now the quantum master equation can be rewritten in the following form; 

-nt p t a d a dp& + t a d a Q-t p dp&-A&=KA + {&,A), (4.20) 

since the above equation, after decomposing in terms of the word-length of tn, is 
equivalent to the following infinite sequence of equations; 

E 2 =0, E 3 =0, E 4 = 0, ••• 

where 

n— 1 n 

E n =- HtP ^dadpQn+Y, {t a d a Q k ) {tPdpQ n - k ) - J] k(k - l)m[id n - k+l 

k=l k=2 

n-1 



-KA n -J]fc(fc - l)(0„_ fcl yl fc ) 

k=2 

n-1 n 

= - Hn{n - 1)0„ +2 k(n - k)Q k & n - k k(k - l)mj.0„_ fc+ i 

k=l k=2 

n-1 

-KA„-J]fc(fc-l)(0„_ fc ,7l fc ). 



fc=2 
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Now the equation (4.20) is equivalent to the followings; 

(h 2 tP t a d a d fj + HA) e' 6 ' n = K {Ae~ G/n ) , (4.21) 
since the LHS of the above is 

LHS=[-htPt a d a dpO+t a d a Q-tPdp®-AO)e- e/n 

while its RHS is 

RHS = {KA + {e,A))e~ 0/n - A- Ke~ &/n 
= (KA + {Q,A))e- G/n , 

where we have used the quantum descendant equation K0 + |(0,0) = 0, which is 
equivalent to Ke~ Q l n — 0. Substituting e~®l n in equation (4.21) by the formula; 

n=l 

we obtain the following infinite sequence of equations, for n = 2,3,4, 



f n-i \ t 4 - 22 ) 

+ k I — -I— f\-n) k - 2 k(k - i)A fc • n„_ fc + (-ft)»- 2 yi„ I . 

1. For n = 2, we have 

n 2 = m 2 fti + KA 2 . 

The above is just the same with the lowest quantum master equation 7?0 2 = |0 2 — 
m 2 0i - KA 2 , since fti = 0i and ft 2 = |0 2 - 7?0 2 . Thus 



Hi =0i, 

n 2 = p 2 1 + Kx 2 , 

where p 2 = m\ and x 2 = A 2 . 
2. For n = 3we have 

n 3 = - ml n 2 - ftmjjni + k (a 2 • ni - ha 3 ) 

Using (4.23), we conclude that 

n 3 = p^0i + Kx 3 , 



(4.23) 
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where 

1 « 

X 3 = o m 2 x 2 +A 2 -Sli- HA 3 
3. Iterating the above procedure up to some n > 3 assume that, for all k = 2, 3, . . . , n — 
1, 

n k =p[e 1 + Kx k , 

where 

fc-i 

pt = i-m k - 2 ml + — — Y.i-Kf-'w - mlvl 



^ fc-i 

x fc - (-^) fc - 2 4 fc + V - 1) [mL k+1 -t +A t ■ Sl k - e ) . 



Substituting above to (4.22) we immediately obtain that Sl n = p n &\ + Kx„ as was 
claimed. 

By induction the formula is true for every n > 1. □ 

It follows that (fii) = (0i) and (f! n ) = p5, (0i) for n = 2,3,---, more explicitly 

(n 1 ) = f(o r ) ) 

n! 

Combining with the corollary |4.2| we obtain that 



Corollary 4.3. 

d ,pl]=t a d a , [d ,p[] = p[_Jorn>3, 
or, equivalentlyp Qai ... ai J = p ai ... a J for n > 2. 

Example 4.1. The first few quantum correlators are 

n 2 = - n& 2 , 

n 4 = - |o?02 + n 2 f 0^3 + ^o 2 ) - n 3 Gi 
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or, in component 

JCflr ~O a 

n 



«1«2«3 



n 



aia 2 a3«4 



Then 



O ai O 



no 



+ ft O a , 



ho 



aia 2 Oa 3 



* Oaj Oa 2 a 3 ■ 



■»(-« 



ailtelo o 



r O ai O a2 O a3 O a4 

— ^ O aj a 2 O a 3 O a 4 

— fl Oa j Off 20 . 3 Off 4 



-ft(-l)l ff * 2 l0ff 2 ai ff 3 0« 4 
./j(-l)felNI 0ai o a3 

a 2 a 4 



m-i) |aiK|a2l+|a3l) o a2 o a3 o« ia4 



o + 7? 2 f— ni ai H a2 io o 



• /; O 

-\~tl O ffl0 r 2 O a3(Z4 + ?J ( 1)' 2 " 3 ' Oqtj^ O a2ff4 



+ ^ 2 (-D |ail(|a2l+|a3l) o a2a3 o aia4 



+ ft Oqtj Oa 2 a 3 a 4 



I 2 

n 3 o 



+ ^ 2 (-i) (|ail+|a2D|a3l o« 3 o« ia2 « 4 



aia 2 a304 



(n 2 )=(0i), 

(n 2 )=m|(0 1 >, 

^) = [ X -m\m\-Km\ I <©i>, 



(n 4 ) = ( ^m? 2 m\m\ — —m\rr\ m\m\ + fl 2 m\ | (0i). 



1 I I I ?i 
— m%mlm\ ...... 

18 2 2 2 g z 3 ^ 

The above examples illustrate some nature of quantum correlations 



Now the generating function ^{t H ) of all correlation functions can be expressed as 

nt H ) = (l)-^Tr{t H )(0 r ) 

where 

From the corollary |4.3| we have 

d Tr = 5 r-l-Tr. 

n 

A detailed study of properties of { T r ] is a subject of the next paper. 
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4.4. Quantum versus flat coordinates 

An immediate consequence of the theorem 4.1. is that that the classical limit of is 
a solution to the DGLA , Q. ■ ) of very special kind. 

Corollary 4.4. There exists a solution to the classical descendant equation 



1. (versality) the set ofcohomology classes [O a ] form a basis ofcohomology H of the 
classical complex { c € , Q) 

2. (quantum coordinates) is the classical limit of the solution to quantum master 
equation 

3. (quantum identity) BqO — 1. 

We recall some standard relations between deformation theory, DGLA and Loo -algebra 
(see |TT] and references therein for details). -algebra is natural homotopy general- 
ization of DGLA in the following sense. A morphism of DGLA is naturally a cochain 
map which is also a (graded) Lie algebra map. However, a cochain map homotopic 
to a morphism of DGLA is not a Lie algebra map in general but it can be viewed as a 
morphism of -algebra. Thus it is natural to replace the category of DGLA to more 
flexible category of -algebra, which localize well under homotopy. Also, on coho- 
mology of DGLA, there is a structure of minimal Loo-algebra (an Loo-algebra with zero- 
differential), which is quasi-isomorphic to the DGLA at the chain level as Loo -algebra. 
Furthermore such minimal Loo-structure on cohomology is the obstruction to have a 
versal solution to Maurer-Cartan equation the DGLA. A DGLA is called formal if the 
minimal Loo -algebra on its cohomology is a graded Lie algebra, and a formal DGLA 
has an associated smooth moduli space if and only if the graded Lie algebra on its 
cohomology is Abelian, i.e., the graded Lie bracket vanishes on H. Then a versal so- 
lution to the Maurer-Cartan equation is nothing but a quasi-isomorphism from H to 
the DGLA as L^- algebra, fill 

The versal solution we have is an Lqo -quasi-isomorphism of very special kind since 
not every versal solution of (4.24) arises as the classical limit of solution of quantum 





n=2 



(4.24) 



such that 
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master equation. Hence we say that an anomaly-free BV QFT has its natural family 
parametrized by a smooth moduli space M, a formal super-manifold, in quantum 
coordinates. 

Now we are going to demonstrate that the notion of quantum coordinates is a natural 
generalization of that of flat or special coordinates on moduli spaces of topological 
strings in the context of Witten-Dijkgraaf-Verlinde-Verlinde (WDDV) equation QUID 
as well as the mirror map of Candelas-de la Ossa-Green-Parkes for Calabi-Yau quintic 
fT2l[T3l . For the mathematical sides, both the pioneering work of K. Saito on his flat 
structure on moduli space of universal unfolding of simple singularities [2J and the 
flat coordinates in certain differential BV algebra due to Barannikov-Kontsevich [14J 
are also examples of quantum coordinates. Those correspondences shall be discussed 
briefly in three examples of this subsection. We remark that our result is not specific to 
topological strings or 2 d- dimensional topological conformal theory. It should be also 
noted that our general package does not include flat metric over the moduli space M 
in it. In the following three examples one may easily supply such a metric as additional 
data. 

Consider a BVQFT algebra [[h]], K, • ) such that K = Q+tlK^. Then the quadruple 
{ C €,Q,A, ■ ), where A := -KS l \ is a differential BV algebra. Conversely, let {^,Q,A, ■ ) 
be a differential BV algebra, then K = -HA + Q, ■ ) is a BV QFT algebra. We 

say such a BV QFT algebra semi-classicalif there is a Ik-linear map / on H into such 
that (i) / is cochain map on [H,0) into {% ,Q) which induces the identity map on the 
cohomology H, (ii) f{e) — 1 and (iii) Af = 0. Then Kf = 0, i.e., f = /, and K = 0on 
H identically. It follows that 0i = t a f{e a ) = 0i, and the quantum master equation is 
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decomposed into the following set of equations 



0=00!, 



1 




m\Oi-QA 2 , 



n-i 



k{n — k) 
n{n - 1) 



n-l 



k{k-l) 
n{n — 1) 








(4.25) 



k=l 



k=2 



- m\Oi-QA k , 



(A9 X = 0, 
O n = AA n for n > 2. 

The above shall be called semi-classical master equation. Then the quantum descen- 
dant equation also has decomposition as follows 

A0 = O, 



which shall be called semi-classical descendant equation. 
Hence we have (see also fTFlfTTl ) 

Corollary 4.5. Let [% ,Q,A, • ) be a differential BV algebra with associated BV bracket 
( , ) such that every Q-cohomology class has a representative in KerA. Then there exists 
a solution to the MC equation of the DGLA [% , Q, ( , )) ; 



1. (versality) the set of cohomology classes [O a ] form a basis of cohomology H of the 
complex^ ,Q) 

2. (flat coordinates) O a e Ker A and O av ~ a „ *ElmAforn>2 



00 + 1(0,0) =0 




n=2 



such that 
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3. (flat identity) 3q0 = 1, where do is the coordinate vector field corresponding to [1] e 



In the above we've changed the adjective quantum to flat due to the following famous 
examples. 

Example 4.2. We say a differential BV-algebra { c € , A, Q, •) has the AQ- property if 

(Ker Q n Ker A) n (Im A © Im Q) = Im AQ = Im QA 

The corresponding BV QFT algebra is semi-classical since the AQ- property implies 
that every Q-cohomology class has a representative in Ker A Then the corollary 14.51 
is exactly the lemma 6.1 of Barannikov-Kontsevich in [T4]. The standard example of 
such a differential BV algebra that controlling (extended) -deformation of complex 
structures of Calabi-Yau manifold, corresponding to the extended moduli space of 
topological string B model l : 130181 . The AQ-property is a direct consequence the d d - 
lemma of Kaher manifold in [Tj|] . 

A semi-classical BV QFT can be also constructed from a differential BV algebra with- 
out the AQ-property. 

Example 4.3. Let ^ = C[x x , . . . , x m , rji, . . . , r\ m \ be a super-commutative polynomial al- 
gebra with free associative product subject to the super-commutative relations 



Assign ghost number to \x l \ and -1 to {r?,-}. Then c € = c g- m © •■• © t g ,_1 © c €°. Note 
that c £° = k[x 1 ,...,x m ]. Define 



It is obvious that A 2 = 0, and the triple , A, • ) is a BV algebra over k. We also note 
that c ^°elm A To see this, it suffices to consider an arbitrary monomial 



H°. 



x l -x ] =x ] -x l , x l ■ rjj =rjj ■ x l , rji -rij — — rjj -rji 



A := 



dx l 




(x 1 fi...(rf" I e^ = k[x 1 ,...,i m ] 



and observe that, for instance, 




1 



A[r) X -{x l ) Nl+1 -{x m f m ). 



{Ni + 1) 
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For any S e c €°, we always have AS — (S,S) = 0. Fix S and define Q = (S, ), then the 
quadruple { C €,A,Q,-) is a dBV algebra. Denote by H the cohomology of the complex 
( C «?,Q). Then 

"°=*' *-'/(£■-•£>■ 

since "it? c Ker Q, and any element R e *<f -1 with the ghost number —1 is in the form 
R = R'r]i, where {i?,} is a set of m elements in c £°, such that QR = R'j^t- Now we as- 
sume that S is a polynomial (in x's) with isolated singularities, so that the cohomology 
H of the complex { c € ,Q) is concentrated in the ghost number zero part, i.e., H = H°. 
Then any representative of H belongs to Ker A, since ^ itself belongs to Ker A. Thus 
the corresponding BV QFT algebra is obviously semi-classical. We already know that 
"O? c Ker Q n ImA, so that Z\Q-property would imply that <ff c Im QA and, in partic- 
ular, H° = 0, which is not generally true. The corollarv l4.5l then, should be attributed 
to K. Saito [2J and, independently, to Dijkgraaf-Verlinde-Verlinde f4] . 

Remark 4.2. The above example could be regarded as the simplest example of BV QFT 
- a class of (0+0) -dimensional quantum field theories without gauge symmetry, where 
the polynomial S is classical action. In the next example we will present a class of 
(0+0) -dimensional quantum field theories with Abelian gauge symmetry. 

Example 4.4. Let ^ = C[z^|z* = 0, 1,2, ••■ , n+2, a super-commutative polynomial 
algebra with free associative product subject to the super-commutative relations z^ • 
z v — z n . z v f z n . z » =z* -zV andz* -z* = —z* -z* . Assign ghost number to {z^ \ and 
-1 to {z' v }. Then <€ cX = ^~ t n ' 2 ■■■ © %l © ^ c ° r Note that ^° = C[z"]. Define 

8 2 

Acl -dz^dzJ-^ ^ 1 ' 

which satisfies A 2 cl — such that {^€ C \,A C \, • ) is a BV algebra over C. The associated 
BV bracket ( , ) c z satisfies that 

(z»,z v )d=0, (z v ,z;) c/ = -(z;,z v ) e/ = V- (z",«;) c /=0. 

We have <^ c ° c Im A ct and ( , ) ci = on ^ . 

Let 

S(z) c ;=p-G(x)e^° 
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where we denote p — z° and x l = z l for i = 1,2, ••■ , n + 2 and G(x) is a generic homo- 
geneous polynomials in {x ! } of degree n + 2. Let 

Qci :=(S c i, )d=G(x)— + p[ —Y 

dp' V 3x l J ax' 

It follows that QciA c i +A c iQ c i = Q 2 cl = since it is trivial that 

AS c i=0, 
[S c i,S c i) cl =0. 

Thus we have constructed a BV QFT algebra (^[[Tz]], K c /, • ) with the descendant 
algebra (^[[7?]], K c/ ,( , )), where 

K c , :=-hA c i+Q cl . 

Let H c i denote cohomology of the cochain complex {"^cuQci)- We note that ^ e 
KerQ c ,. 

There are two differences between the present case with the previous example; (i) H°, 
is degenerated and (ii) H~} is non-empty. Actually the property (i) is a consequence 
of (ii). We claim that H c i — ® H° cl and the BV QFT algebra is semi-classical. The 
non-triviality of H^ 1 corresponds to an obvious symmetry of S c r, 



( 8 d \ 

\x l — j-(n + 2)p— )S cl =0, 
V dx l dp J 



since S c / is a weighted homogeneous polynomial with degree 0; assign weight 1 to 
{x'} and —n — 2Xo x°. Or, equivalently S c i is invariant under the following C*-action 

onC"+ 3 ; 

x 1 — > gx l , 



p^g n 2 p, 



(4.26) 



where geC*. Let 

R = x i x'-{n + 2)pp', 
Then R =e and Q ci R = since 

Q cl R=(S c i,R) cl =-(R,S cl ) cl = (x 1 — -(n + 2)p— J S cl , 

and R can not be Q c i -exact simply by the degree reason. Thus the Q c i -cohomology 
class [R] c i of R is a non-trivial element in H~}. We claim that H~} is generated by R as 
a left ^ -module. Before we proceed further, here are some physics terminology: 
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- {z^}: classical fields. 

- {z' l: anti-classical fields. 

- S{z^)d : classical action. 

- R: classical gauge symmetry vector. 



We also note that A c iR = such that K c /i? = 0. Thus we may say the classical symme- 
try vector is anomaly- free. We also note that the classical equation of motion, 5S c //5z^ 
0, is 

G(jc) = 0, 
8G{x) 

p — -t+ =Q, i = \,2,---,n+2. 

dx l 

We may call the solution space of the above modulo the classical gauge symmetry 
the space of classical observer. Assuming that pj^0,we must have = for all i to 
solve the classical equation of motion. Then x 1 = x 2 = ••• — x n+2 = since G is generic. 
If p = 0, then the solution space of classical equation is the zero set of homogeneous 
polynomial G(x') of degree n + 2. Then the space of solutions of classical equation of 
motion modulo the classical symmetry is a n-dimensional Calabi-Yau hypersurface 
X of CP" +1 . In general the space of classical observer can be viewed as the solution 
space of classical equation of motion in the GIT quotient C n+3 //C*, which depends 
on choice of polarization imposing either p^0orp = 0- see section 4 in [20 1. 

Now we kill the classical gauge symmetry as follows. Introduce the dual basis c of H~j 
with ghost number 1. Let c* denote the corresponding basis of H* cl [—2] with ghost 
number -2. Let = C[z^,c|z* c*] and 



A~ A 



cl 



Then 



dcdc' ' 

S:=S c i + cR = p- G(x) + cx l x\ - [n + 2)cpp\ 

AS = 0, 
(S,S) = 0. 

Let Q = (S, ), then we have another BV QFT algebra (<£ [[%]], K = -HA + Q, ■ ) with the 
descendant algebra (^[[fr]], K,( , )) where ( , )\ % =( , ) c / and 

(c, c') = -{c\ c) = 1, (c% O - (c, c) = (c, z") = (c, z' ) = (c'.z") - {c\ z' ) = 0, 
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such that 

Q=(S cl + cR, ) 

=Q c i + c{R, )-R^- m 
oc 

=G & — + p —Y ]—-R — 
dp* y dx 1 J ox' oc* 

f ■ d d \ ( d d \ 

+ c ^__ (n + 2)p _j_ c ^.__ (ra + 2)p ._j 

In particular Qc' = R and, hence, we just have killed the classical symmetry vector. 
Before we proceed further, here are some more physics terminology: 

- c: Faddev- Popov ghost field. 

- c': anti-field of Faddev- Popov ghost field. 

- S: BV quantum master action which is semi-classical. 

- 5 bust :=Q| z . =c . =0 = c ^x'^p- -(n + 2)p^jj: the BRST operator which corresponds 
to the Euler vector field associated with the C*- action. 

Now the Q-cohomology H is concentrate on H° and 

H° = C[p,x i ] inv I / G(x),p^p2 
/ \ vx' 

where the superscript inv means the invariant part under the C*-action (4.26)§] We 
note that any element in C[p,x l ] lnv is a C-linear combinations of monomials in the 
form p k M(x)k(n+2)> fc = 0,1,2,---, where M{x)k( n +2) are monomials in {x ! } of degree 
k{n + 2). It is a standard exercise in commutative algebra to show that Q-cohomology 
class [p fc Mfc( n +2)] of p k Mk( n +2) is trivial for k > n. Then the following isomorphism 
is obvious; 

'dG{x)\ k(n+2) 



dx 1 



H °^ C [x i ] k(n+2 \ 

k=0 

where the superscript k(n + 2) denote homogeneous polynomial of degree k(n + 2). 
What is not obvious is the following isomorphism 

H°^(BH"J m k (X) 

k=0 



3 The Ker Q in c € a is in the form / + cg^z* for any / e C[p, x']" lu and g e C[p,x'], since cc = 0. On 
the other hand it can be shown that any expression cg^z* belongs to Im Q. 
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where Hp~ ir £(X) denote the primitive part of Dolbeault cohomology of the Calabi- 
Yau n -fold X. This is due to the residue map Griffths [21 J. Now choose a basis {e a \ of 
H° as a finite-dimensional C-vector space such that its set {O a }of representatives are 
invariant monomials among 

1, pM n+2 ,p 2 M 2 n+2, ■ ■ ■ ,p n M n[n+2 ), 

and O a = 1. Then we have a Ik-linear map / : H = H° —> "it? such that f{e a ) = O a , 
/(l) = 1, [f{e a )} = e a and Kf = 0. Thus the BV QFT [<£[[%]], K = -HA + Q, ■ ) is 
semi-classical and the semi-classical master equation (4.25) as well as the corollary 
|4.5| applies. It is also a matter of computation to find explicit solution once a particular 
form of S c i is given. For example, consider the following classical action 

n+2 
i=l 

The problem of solving the semi-classical master equation reduces to a sequence of 
ideal membership problem, which can be implanted as a code for an algebraic pack- 
age dealing Grobner basis. For n = 3, thus for the Fermat quintic hypersurface the di- 
mension ofH = H° is 204 = 1 + 101 + 101 + 1, which is a large number requiring some 
CPU time. Candelas et al. in [12] originally studied one parameter family of Calabi-Yau 
Quintic, i.e., 0i = 5tx^ • ■ • x 5 and determined the special coordinates and Picard-Fuchs 
equation for period. 

Remark 4.3. The classical action S{z) c i = p ■ G(x) e ^ has been borrowed from a 
holomorphic superpotential in the gauged linear sigma model of Witten . The 
above example may be generalized to any Calabi-Yau space X based on toric geom- 
etry - toric hypersurface, complete intersection of toric hypersurfaces. The generat- 
ing functional of quantum correlation functions for the present case is closely related 
with certain extended variations of Hodge structure on X, which details is beyond 
the scope of this paper (22j. Solution of semi- classical master equation implies the 
Picard-Fuchs equation. 

In our philosophy the quantum coordinates is nothing but a geometrical avatar of 
quasi-isomorphism as QFT algebra. All these seem suggesting that mirror symmetry 
may be stated in the similar fashion via QFT algebra with certain additional structure. 
The goal of this on going series is to file up evidences that quantum field theory is a 
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study of morphism of QFT algebras such that two quantum field theories are phys- 
ically equivalent if the associated QFT algebras are quasi-isomorphic, while "renor- 
malizing" the notion of QFT algebra as we proceed further. 
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